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Abstract

We develop the third law of a four-paper modular framework for emergent phases of
matter from quantum information through category theory. Building directly on Law I
(categorical primitives) and Law II (functorial classification of equilibrium phases),
Law III lifts the static phase-classification framework to a temporal setting in which
a periodic Hamiltonian H(t + T ) = H(t) defines a monoidal functor from the dis-
crete circle category BZT to the dagger-monoidal category of quantum channels. We
show that Floquet evolution is naturally a 2-categorical structure: a Floquet system
is a 1-cell, micromotion data are 2-cells, and Floquet phase transitions are connected
components of the space of natural transformations between Floquet functors. We
prove that the Magnus expansion provides a colimit construction for an asymptotic
effective Hamiltonian functor whose finite truncations factor through the Law II equi-
librium phase functor, formalising the prethermal correspondence between Floquet and
equilibrium phase classifications. Two emergent phenomena are then characterised as
natural-transformation invariants with no equilibrium analog: discrete time crystals,
which we encode as obstruction 2-cells detecting spontaneous breaking of the tempo-
ral Zn symmetry of the drive, and anomalous Floquet topological insulators, classified
by a Floquet winding number ν ∈ Z on the spatio-temporal Brillouin torus BZ × S1.
We work out two extended examples — the periodically kicked Ising chain (giving
a paradigmatic discrete time crystal) and the periodically driven Su-Schrieffer-Heeger
(SSH) model (giving an anomalous Floquet edge mode at quasi-energy π) — and verify
the framework numerically with a small Haskell library that implements a first-order
Magnus solver, a stroboscopic kicked-Ising simulator, and property tests for unitarity
and periodicity. We conclude by exhibiting explicit composition hooks for Law IV:
the Sambe-space functor S : Floq → Hilb∞ produces an extended quantum-information
substrate from which the holographic and information-geometric structures of Law IV
can be assembled. We emphasise throughout that this is a modular composition —
each layer adds one categorical dimension rather than collapsing into a single unified
theory.
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1 Introduction

1.1 Position in the modular series

This is Paper 3 of the four-paper modular research programme Emergent Spacetime Dy-
namics. The series formalises a hierarchy of emergent phenomena in quantum many-body
systems through category theory, organised as a sequence of compositional liftings:

Catmon
LiftI→II−−−−−→ Phaseeq

LiftII→III−−−−−−→ PhaseFloq
LiftIII→IV−−−−−−→ InfoGeom. (1)

We stress at the outset that this is a modular framework, not a unified one: each lift is a
distinct functor, and the emergent properties at each stage are produced by the composi-
tion itself rather than reducible to any single prior layer. The third paper, presented here,
covers the lift from equilibrium-phase functors to Floquet-phase functors; that is, it extends
the categorical phase-classification machinery of Law II by one monoidal dimension — time
— producing as emergent phenomena: (a) discrete time-crystalline order, (b) anomalous
Floquet topological insulators with no equilibrium analog, and (c) prethermal Floquet engi-
neering of effective Hamiltonians.

1.2 Recap of Laws I and II

Law I: Categorical Primitives. Law I established the shared categorical grammar: sym-
metric monoidal categories (SMCs) [18], dagger-compact categories [19], sheaves, topoi [17],
operads, and their type-theoretic encodings. The central object is the SMC (C,⊗, I) together
with structural natural isomorphisms (associator, unitors, braiding) satisfying Mac Lane co-
herence [18]. Finite-dimensional quantum mechanics (which suffices for our lattice-model
setting) is the dagger-compact category FHilb of finite-dimensional Hilbert spaces [19]; pro-
cesses are morphisms; tensor product is system composition; and string diagrams are sound
and complete by Joyal–Street. Law I distilled the slogan: a physical theory is a symmetric
monoidal functor Z : Cgeo → FHilb, with Cgeo a category of geometric or process data; the
prototypical example is Atiyah’s TQFT [21] and its extended cousins [20].

Law II: Phase-bound Matter. Law II used the Law I grammar to classify equilibrium
phases of matter as functors from a symmetry-group category to a category of gapped Hamil-
tonians, equipped with morphisms given by adiabatic deformations. Concretely, a phase with
on-site symmetry group G is a homotopy class of functors

F : BG −→ Hamgap, (2)

where BG is the one-object delooping. Symmetry-protected topological (SPT) phases are
classified by the (cobordism-) cohomology of BG [24]; topologically ordered phases are clas-
sified by modular tensor categories (MTCs) [23, 22]; a phase transition is a natural transfor-
mation that fails to be invertible at the Hamiltonian level (the gap closes).
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1.3 What Law III adds

Law III adjoins to Law II a single new categorical dimension: a ZT -grading represent-
ing periodic time evolution. The Schrödinger equation with a T -periodic Hamiltonian
H(t + T ) = H(t) produces, by the Floquet theorem [1, 2], a one-cycle unitary U(T ) =

T exp
(
−i

∫ T

0
H(t) dt

)
whose spectrum (the quasi-energy spectrum) lives on a torus S1 =

(−π/T, π/T ] rather than on the real line. Functorially, this means Floquet evolution is
best understood as a monoidal functor from the discrete circle category to the category of
quantum channels.

The framework yields three emergent phenomena that are absent from Law II:

1. Discrete time crystals (DTCs) [6, 7]: spontaneous breaking of the discrete time-
translation symmetry of the drive, manifested as a local order parameter oscillating at
nT for some integer n > 1.

2. Anomalous Floquet topological insulators [8]: phases with chiral edge modes at quasi-
energy π despite vanishing Chern numbers in every band, classified by a Z-valued
Floquet winding number on BZ× S1.

3. Prethermal Floquet engineering [5, 10]: an exponentially long time window during
which the dynamics is governed by an effective HamiltonianHeff obtained by truncating
the Magnus expansion, allowing engineered phases not present in the parent static
system.

The classification of Floquet topological phases by K-theory [9] is the temporal analog
of Kitaev’s 10-fold way; we recover it categorically in section 6.

1.4 Outline

Section 2 sets up the categorical framework: the circle category, the Sambe-space construc-
tion, and the Floquet functor. Section 3 shows that periodic Hamiltonians are endomor-
phisms in a fibred 2-category. Section 4 develops the Magnus and Floquet–Magnus expan-
sions as a natural construction of an asymptotic effective-Hamiltonian functor. Section 5
treats discrete time crystals as obstruction 2-cells. Section 6 classifies Floquet topological
insulators. Section 7 discusses prethermalisation and heating. Section 8 works out two ex-
tended examples: the kicked Ising chain and the driven SSH model. Section 9 lists open
problems. Section 11 provides a brief conclusion and a precise statement of the composition
hooks consumed by Law IV.

2 Mathematical Framework: Floquet Theory in Cate-

gorical Form

2.1 The discrete circle category

Definition 2.1 (Discrete circle category). Fix a period T > 0. The discrete circle category
at scale T , denoted BZT , is the delooping of the integers Z decorated by the parameter T :

5



it has a single object ∗ and morphism set Hom(∗, ∗) = Z, with composition being addition.
The subscript T is not a modulus and does not impose modular arithmetic on Z; it is a
metadatum recording the period that the generating morphism 1 ∈ Z is meant to represent
(i.e. “one period of duration T”). Equivalently, BZT is the delooping of π1(S

1) ∼= Z viewed
as the discrete-time-translation group of a continuous circle of circumference T . We write
BZ+

T for the wide subcategory generated by the positive integers (forward time only).

Remark 2.2 (On the notation ZT ). The subscript T in ZT is a notational decoration recording
the period T as a parameter, not a quotient. We use this slightly non-standard convention
because the period T enters the categorical Floquet picture only through its action on the
morphisms (each morphism n ∈ Z stands for “n stroboscopic periods of duration T”), not
through any modular reduction. Where modular arithmetic is genuinely intended in the
paper (e.g. in R/TZ for the continuum circle), we write the quotient explicitly.

Definition 2.3 (Continuous-time circle category). The continuous-time circle category BS1

has one object and morphism space S1 = R/TZ with composition given by addition modulo
T . As a topological category, BS1 has trivial π0 and π1(BS

1) ∼= Z encoding winding number.

The continuum-time analog above uses the topological group S1 = R/TZ delooped to
the topological category BS1.

2.2 The category of quantum channels

We work in the dagger-symmetric monoidal category QChan of finite-dimensional quantum
channels. Objects are finite-dimensional Hilbert spaces H; morphisms H → H′ are com-
pletely positive trace-preserving (CPTP) maps. Tensor product is the standard tensor of
Hilbert spaces and Stinespring dilation of channels; the dagger is given by the adjoint channel
under the Hilbert–Schmidt inner product.

We will at times restrict to the wide subcategory Unit ⊂ QChan of unitary channels, which
is itself a dagger-monoidal subcategory. A unitary channel is the conjugation ρ 7→ UρU † for
some unitary U .

2.3 The Floquet functor

Definition 2.4 (Floquet functor). A Floquet system on a Hilbert space H with period T is
a strong monoidal functor

Floq : BZT −→ Unit ⊂ QChan (3)

sending the generating morphism 1 ∈ Z = Hom(∗, ∗) to a unitary channel Floq(1) =
UT : H → H, where UT (ρ) = U(T ) ρU(T )† for the one-period evolution operator U(T ).

Remark 2.5. Theorem 2.4 captures only the stroboscopic content of a Floquet system; the
micromotion is recovered by lifting to the continuous-time category. The full Floquet system
is a continuous functor F̃loq : BS1 → Unit, whose restriction along the discretisation BZT ↪→
BS1 recovers theorem 2.4.

Theorem 2.6 (Floquet decomposition, categorical form). Let F̃loq : BS1 → Unit be a con-
tinuous Floquet functor. Then there exist:
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1. a unitary endomorphism UF = e−iHFT (the stroboscopic Floquet operator), uniquely

determined by F̃loq up to multiplication of HF by integer multiples of ω = 2π/T ,

2. a continuous family P : S1 → End(H) of unitary operators with P (0) = 1 (the micro-
motion), such that

F̃loq(t)(ρ) = P (t) e−iHF t ρ eiHF t P (t)† ∀t ∈ R/TZ. (4)

Proof sketch. This is the operator-level statement of the classical Floquet theorem [1]. Conti-

nuity of F̃loq furnishes a continuous evolution U(t, 0) with U(T, 0) unitary. By spectral calcu-
lus, take any branch of the logarithm to define HF = i

T
logU(T, 0); then P (t) := U(t, 0) eiHF t

is by construction T -periodic and equals the identity at t = 0. The functorial wrapping in
QChan is just the conjugation action.

2.4 Sambe space and the spectral side

The quasi-energy spectrum lives on the Pontryagin dual Ẑ = S1. To work with quasi-energies
as a self-adjoint operator spectrum, we introduce the Sambe space [4].

Definition 2.7 (Sambe space). Let H be a finite-dimensional Hilbert space and T > 0. The
Sambe space associated to the period T is the (separable) Hilbert space

ST (H) := L2(S1
T )⊗H, (5)

where S1
T = R/TZ with normalised Haar measure dt/T . Its Fourier basis {en = einωt}n∈Z

decomposes ST (H) =
⊕

n∈Z Hn with each Hn
∼= H.

Definition 2.8 (Quasi-energy operator). For a smooth T -periodic curveH : S1
T → Herm(H),

the quasi-energy operator on ST (H) is

K := H(t) − i∂t. (6)

Its eigenvalues {εα + nω : α, n} are organised in Z-shifted ladders, and its eigenvectors
ψα = e−iεαtuα(t) are the Floquet modes.

Proposition 2.9 (Sambe-space functor). The assignment H 7→ ST (H), f 7→ 1⊗ f extends
to a strong monoidal functor

ST : QChanfin −→ Hilbsep, (7)

that intertwines the Floquet functor Floq with the diagonal action of K on ST (H).

Proof. Strong monoidality. We work with the natural lax-monoidal structure for which the
structural map

µH,H′ : ST (H)⊗L2(S1
T ) ST (H′)

∼=−→ ST (H⊗H′)

sends a simple tensor (f ⊗ψ)⊗L2(S1
T ) (g⊗ψ′) to (fg)⊗ (ψ⊗ψ′), where fg denotes pointwise

multiplication of f, g ∈ L2(S1
T ) ∩ C∞(S1

T ) (the smooth subspace, which is dense). Here we
view Hilbsep as enriched-monoidal over the commutative C∗-algebra L2(S1

T ) ∩ L∞(S1
T ), and
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the relative tensor product ⊗L2(S1
T ) is the standard module tensor over this algebra. With

this convention, µH,H′ is well-defined on the dense subspace of simple tensors of smooth
functions and finite-rank Hilbert-space vectors, and extends by continuity (in the natural
Hilbert-space norm on the relative tensor product) to a unitary isomorphism on the full tensor
product space. The pentagon axiom for µ reduces to associativity of pointwise multiplication
of smooth functions tensored with associativity of the standard ⊗ on Hilbert spaces; the
triangle axiom is similarly straightforward. (If the relative tensor product is replaced by the
bare tensor ⊗, then µ becomes lax-monoidal rather than strong-monoidal, with the failure
measured by an L2(S1

T )-valued density; the proposition holds in either form, but only the
relative-tensor version is strongly monoidal.).

Intertwining of F̃loq with K. By theorem 2.6, the continuous Floquet functor F̃loq acts
on the standard Hilbert space H by conjugation with U(t, 0) = P (t)e−iHF t. Lifting to the
Sambe space ST (H), we use the unitary isomorphism that maps a Floquet mode ψα ∈ H to
the joint Sambe-eigenvector en ⊗ uα ∈ L2(S1

T ) ⊗H, where uα(t) = eiεαtP (t)ψα. Under this
identification:

1. The quasi-energy operator K = H(t)− i∂t is diagonal on each en⊗uα, with eigenvalue
εα + nω. This is the standard ladder structure of Sambe space [4].

2. The conjugation-by-F̃loq(t) on H corresponds, after the same identification, to conju-
gation by e−iKt on ST (H) (both act on each ladder rung by multiplication by e−i(εα+nω)t

and on the L2(S1
T ) factor by shifting Fourier modes consistently with the periodicity

of P (t)).

Hence the diagram

H H

ST (H) ST (H)

F̃loq(t)

ST ST

Ad(e−iKt)

commutes for every t ∈ S1
T , which is exactly the intertwining claimed.

Theorem 2.9 is the key bridge to Law IV: the extended Hilbert space ST (H) is exactly the
kind of structure (graded by an external label n ∈ Z) on which holographic codes (Law IV)
operate. We will use this in section 11.

2.5 Notation and conventions

We set ℏ = 1 throughout. Hamiltonians are bounded self-adjoint operators on a finite-
dimensional Hilbert space; this restriction avoids domain issues but limits the framework to
lattice models, which suffices for our purposes. The drive frequency is ω = 2π/T . The local
energy scale is denoted J ; the high-frequency regime is ω ≫ J .
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3 Periodic Hamiltonians as Endomorphisms

3.1 The category of T -periodic Hamiltonians

Definition 3.1 (Periodic-Hamiltonian category). Fix a period T > 0. The category HamT

has:

• objects: pairs (H, H) where H is a finite-dimensional Hilbert space and H : S1
T →

Herm(H) is a smooth T -periodic curve of self-adjoint operators;

• morphisms (H, H) → (H′, H ′): linear isometries V : H → H′ such that V H(t) =
H ′(t)V for all t.

The category HamT is symmetric monoidal: the tensor product of objects (H1, H1) and
(H2, H2) is the pair (H1⊗H2, H1(t)⊗1+1⊗H2(t)), with structural isomorphisms inherited
from Hilb.

3.2 Floquet evolution as a strong monoidal functor

Definition 3.2 (The graded unitary category UnitZ). The Z-graded unitary category UnitZ
has

• objects: finite-dimensional Hilbert spaces H;

• morphisms H → H′: pairs (n,W ) with n ∈ Z and W : H → H′ a unitary linear map
(in particular, H andH′ have the same dimension whenever a morphism exists between
them);

• identity: idH = (0,1H);

• composition of (m,W ′) : H′ → H′′ with (n,W ) : H → H′ is (m,W ′) ◦ (n,W ) := (n +
m, W ′W ).

The integer label n records the number of stroboscopic periods that the morphism repre-
sents; it is additive under composition and trivial on identities. The category UnitZ inherits
a symmetric monoidal structure from the standard tensor product of Hilbert spaces: on
objects, H⊗H′ is the usual tensor; on morphisms,

(n,W )⊗ (n′,W ′) := (n+ n′, W ⊗W ′)

i.e. the Z-grading on a tensor product of morphisms is the sum of the gradings (consistent
with the additive structure of Z under composition), and the underlying unitaries tensor in
the usual way. Equivalently, UnitZ is Unit enriched over the discrete strict monoidal category
associated with (Z,+, 0).

To make the period-counting structure of Floquet evolution functorial, we should not
interpret intertwining isometries between distinct Floquet systems as carrying an a-priori
period count. Instead, an intertwiner is a static identification of two systems and naturally
has period count 0; the period count is a separate piece of data, generated by the cyclic
action of the Floquet operator on each fixed system. We make this precise as follows.
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Theorem 3.3 (Floquet evolution as a functor to graded unitaries). The Floquet evolution
data assemble into a strong monoidal functor

EvT : HamT −→ UnitZ (8)

defined on objects by EvT (H, H) = H and on morphisms by EvT (V ) = (0, V ) for every
intertwining isometry V : (H, H) → (H′, H ′) (including V = 1, which is sent to (0,1) as the
identity of H).

The Floquet operator data are encoded as an additional natural transformation

Φ: EvT =⇒ EvT , (9)

whose component at (H, H) is the morphism (1, U
(H)
F ) ∈ HomUnitZ(H,H), where U

(H)
F =

UH(T, 0) is the one-period stroboscopic operator of H. Naturality of Φ at an intertwiner V
is the relation

(0, V ) ◦ (1, U (H)
F ) = (1, U

(H′)
F ) ◦ (0, V ), i.e. V U

(H)
F = U

(H′)
F V, (10)

which holds because V intertwines H(t) and H ′(t) pointwise in t, hence intertwines their
time-ordered exponentials.

Remark 3.4 (Why intertwiners carry grading 0). A morphism in HamT is a static identi-
fication of two periodic Hamiltonian systems, not a time evolution. Its image under EvT
accordingly sits in the grading-0 part of UnitZ, where “no period elapses”. The temporal
cyclic generator (the Floquet operator) is encoded by the natural transformation Φ, which
produces grading-1 endomorphisms of each individual object. Iterations Φ◦k have grading
k, so the period-counting structure lives entirely in the natural-transformation slot, separate
from the static categorical structure of HamT . This separation is exactly the categorical ana-
log of the operator-vs.-state distinction in physics: the Floquet operator UF is a dynamical
generator, distinct from a structural identification of two systems.

Proof of theorem 3.3. Functoriality of EvT . On objects EvT is well-defined. On morphisms,
EvT (id) = (0,1) in UnitZ, which matches the identity. For composition,

EvT (V
′ ◦ V ) = (0, V ′V ) = (0, V ′) ◦ (0, V ) = EvT (V

′) ◦ EvT (V ),

where the middle equality uses the composition rule of theorem 3.2. Thus EvT is a functor.
Naturality of Φ. The intertwiner relation V H(t)V † = H ′(t) propagates through time-

ordered exponentials: setting UH(t, 0) = T exp(−i
∫ t

0
H(s)ds) and similarly for UH′ ,

V UH(T, 0) =
(
T exp(−i

T

∫
0
V H(s)V †V ds)

)
V = UH′(T, 0)V.

Hence the naturality square for Φ at V commutes.
Strong monoidality of EvT . On the underlying functor: EvT commutes with ⊗ on objects

and morphisms because all morphisms are sent to grading 0, and (0,W1)⊗(0,W2) = (0,W1⊗
W2). The structural isomorphism µH1,H2 is the identity. The natural transformation Φ is
monoidal in the sense that ΦH1⊗H2 = ΦH1 ⊗ ΦH2 exactly when the joint Hamiltonian is a
sum of commuting pieces (which is the case in HamT as defined). This satisfies the pentagon
and triangle coherence axioms trivially since µ is the identity.
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3.3 Endomorphisms and stroboscopic dynamics

Restricting to a single Hilbert space, HamT becomes a one-object category whose endomor-
phisms are T -periodic Hamiltonians and whose composition is conjugation by the evolution.
The image under EvT is then a one-object subcategory of UnitZ, that is, a Z-graded group
of unitaries: stroboscopic dynamics is generated by U(T ), and the integer label tracks the
number of periods. This is the precise sense in which a Floquet system is an endomorphism
in the categorical framework.

Remark 3.5. The Z-grading on UnitZ is essential: it is what distinguishes Floquet evolution
from a static one-shot evolution. Forgetting the grading produces the underlying static
functor; recalling it brings back the temporal structure that supports Floquet phases.

3.4 2-categorical extension

To accommodate continuous deformations of the drive (and to express Floquet phase tran-
sitions as connected components of a path space), we lift HamT to a 2-category.

Definition 3.6 (The 2-category HT ). The 2-category HT has the same objects and 1-
morphisms as HamT , and 2-morphisms given by smooth homotopies h : [0, 1] → HamT (H,H

′)
between intertwining isometries, modulo reparametrisation. Vertical and horizontal compo-
sitions are concatenation and pointwise tensor.

Proposition 3.7 (Floquet evolution as a 2-functor). The Floquet evolution map extends
to a strict 2-functor EvT : HT → UZ, where UZ is the 2-category of Z-graded unitaries with
2-morphisms given by adiabatic homotopies.

The proof is a check of strict 2-functoriality from naturality of time-ordered exponentials
in the Hamiltonian curve; we omit details. The point is that Floquet phase transitions are
connected components of the 2-morphism space:

π0
(
HomUZ(UF , U

′
F )
)

= Floquet phase classes. (11)

A natural transformation between Floquet functors is therefore precisely a path between
drives that may or may not cross a quasi-energy gap closure; phase boundaries correspond
to homotopy classes for which no gap-preserving path exists.

4 Magnus Expansion and Asymptotic Effective Hamil-

tonians

4.1 Magnus expansion

Theorem 4.1 (Magnus, 1954 [3]). Let A : [0, T ] → End(H) be smooth. The unique solu-
tion X(t) of Ẋ(t) = A(t)X(t), X(0) = 1, can be written X(t) = exp(Ω(t)) with Ω(t) =
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∑
n≥1 Ωn(t) and

Ω1(t) =

∫ t

0

A(t1) dt1, (12)

Ω2(t) =
1

2

∫ t

0

∫ t1

0

[A(t1), A(t2)] dt2 dt1, (13)

Ω3(t) =
1

6

∫ t

0

∫ t1

0

∫ t2

0

(
[A(t1), [A(t2), A(t3)]] + [[A(t1), A(t2)], A(t3)]

)
dt3 dt2 dt1, (14)

and so on. The series converges for
∫ t

0
∥A(s)∥ ds < π.

Specialising to a T -periodic Hamiltonian H(t) and stroboscopic time t = T , the Magnus
series gives the formal Floquet Hamiltonian:

HF =
1

T

∑
n≥1

Ωn(T )
∣∣
A(t)=−iH(t)

. (15)

4.2 High-frequency expansion

Theorem 4.2 (Floquet–Magnus expansion). For ω = 2π/T ≫ J = supt ∥H(t)∥, the Floquet
Hamiltonian admits the asymptotic expansion

H
(0)
F = H :=

1

T

∫ T

0

H(t) dt, (16)

H
(1)
F =

1

2iT

∫ T

0

∫ t1

0

[H(t1), H(t2)] dt2 dt1, (17)

H
(2)
F = O

(
(J/ω)2J

)
, (18)

with the truncation H
(≤N)
F =

∑N
n=0H

(n)
F approximating HF up to a remainder bounded by

(J/ω)NJ for N less than an optimal order N∗ ∼ ω/J .

Proof sketch. Combine theorem 4.1 with the periodicity of H and rescale by T . The remain-
der estimate uses Cauchy estimates on the iterated commutators with ∥[H(t1), H(t2)]∥ ≤
2J2. The optimal truncation N∗ arises because the Magnus series is an asymptotic series
(it does not converge for generic interacting models); see [5, 10] for sharp bounds and the
Abanin–De Roeck–Huveneers proof that the prethermal time scale is τ ∗ ∼ ecω/J .

4.3 The effective-Hamiltonian functor

Definition 4.3 (Effective-Hamiltonian functor at order N). Let Ham denote the category
of (gapped) static Hamiltonians: objects are pairs (H, H0) with H0 ∈ Herm(H), and mor-
phisms are intertwining isometries (the time-independent counterpart of HamT ). The order-

N effective-Hamiltonian functor H
(≤N)
eff : HamT → Ham assigns to a T -periodic Hamiltonian

(H, H) the static operator H
(≤N)
F ∈ Herm(H) defined by theorem 4.2. To an intertwining

isometry V : (H, H) → (H′, H ′) in HamT (which by definition satisfies V H(t) = H ′(t)V

12



for all t ∈ S1
T ) it assigns the same underlying isometry V , now viewed as a morphism

(H, H(≤N)
F ) → (H′, H

′(≤N)
F ) in Ham. The fact that V H

(≤N)
F = H

′(≤N)
F V — i.e. that the isom-

etry V does intertwine the static effective Hamiltonians — is the content of theorem 4.4
below: V intertwines all iterated commutators of H with itself, hence each Magnus term Ωn,
hence the truncated effective Hamiltonian H

(≤N)
F .

Proposition 4.4 (Functoriality of H
(≤N)
eff ). H

(≤N)
eff is a well-defined functor for each N ∈ N,

and the family {H(≤N)
eff }N∈N is a directed system in the functor category [HamT ,Ham].

Proof. On morphisms: if V intertwines H and H ′ at every t, then it intertwines all iterated
commutators [H(t1), [. . . [H(tn−1), H(tn)] . . . ]] and hence each Ωn, hence H

(≤N)
F . Functorial-

ity (preservation of identity and composition) is immediate. The system {H(≤N)
eff } is directed

because each H
(≤N+1)
eff differs from H

(≤N)
eff by the addition of a single new term. The colimit

(in the limit sense, on objects where the Magnus series converges) is the formal Floquet
Hamiltonian HF .

4.4 Compositional lifting from Law II

The crucial structural fact is that the prethermal regime allows us to view a Floquet phase
as a Law II equilibrium phase of Heff .

In what follows we use the symbol Floq(−) to denote the Floquet phase-classification
functor with source HamT (rather than the bare Floquet system Floq of theorem 2.4, whose
source is BZT ). Concretely, Floq(−) takes a T -periodic Hamiltonian (H, H) and returns the

connected component of its stroboscopic operator U
(H)
F within the moduli space of gapped

Floquet operators, i.e. its Floquet phase class. Similarly, PhaseFloq denotes the discrete cate-
gory of Floquet phase classes (objects: connected components of gapped Floquet operators;
morphisms: identity components and inclusions of stratified strata).

Theorem 4.5 (Prethermal compositional lifting). There is a commutative diagram of func-
tors (up to natural isomorphism, on the full prethermal subcategory Hampreth

T ⊂ HamT on
which the Magnus truncation error is below the gap):

Hampreth
T Ham

PhaseFloq Phaseeq

H
(≤N)
eff

Floq(−) PhaseFunc

Forget

(19)

Here Ham denotes the category of static, gapped Hamiltonians with adiabatic-deformation
morphisms, and PhaseFunc is the Law II equilibrium-phase classification functor. The for-
getful functor

Forget : PhaseFloq → Phaseeq

drops the temporal Z-grading by mapping a Floquet phase to the equilibrium phase of the
underlying Hamiltonian.

13



Proof sketch. For times t ≤ τ ∗ = ecω/J , the Floquet evolution is approximated by e−iH
(≤N)
eff t

to within an error of order (J/ω)N . Since gapped equilibrium phases are stable under pertur-
bations of strength below the gap ∆, restricting to the prethermal subcategory Hampreth

T on
which the Magnus truncation error is below the gap guarantees that the prethermal Floquet
phase agrees with the equilibrium phase of H

(≤N)
eff . Beyond τ ∗, the heating regime takes over

and the diagram fails to commute — this failure is what supports genuinely non-equilibrium
Floquet phases (sections 5 and 6).

Theorem 4.5 is the precise sense in which Law III lifts Law II: prethermal Floquet phases
are equilibrium phases of an effective Hamiltonian, while anomalous Floquet phases are
obstructions to the lift.

5 Discrete Time-Crystal Phases

5.1 Definition and physical setup

Definition 5.1 (Discrete time crystal). A discrete time crystal (DTC) of order n ≥ 2 is
a Floquet system Floq : BZT → Unit together with a local order parameter Ox (Hermitian,
supported in a region around site x) and a state |ψ0⟩ such that:

1. Spontaneous time-translation symmetry breaking: ⟨ψ0|Floq(k)OxFloq(k)
†|ψ0⟩ has pe-

riod exactly nT in the stroboscopic step k, even though Floq has period T .

2. Long-range order: the value of the order parameter does not decay in the thermody-
namic limit, limL→∞ |⟨Ox⟩| > 0.

3. Robustness: the period-nT oscillation persists under generic small perturbations of the
drive that respect T -periodicity.

The seminal construction [6] uses an MBL-stabilised Ising chain (section 8). Experimental
realisations are reported in [11, 12].

5.2 DTC as an obstruction 2-cell

We now state our central categorical result for DTCs. Throughout this subsection, we work
in the setting where the system has a global discrete symmetry Zn acting unitarily by some
operator S commuting with the drive. The drive symmetry partitions the Hilbert space into
a direct sum of symmetry sectors indexed by Zn-characters, and the drive can spontaneously
break Zn to a smaller subgroup.

Definition 5.2 (Iterated and restricted Floquet functors). Let Floq : BZT → Unit be a
Floquet system with stroboscopic operator UF . We define two associated Floquet functors:

1. the iterated Floquet functor Floq[n] : BZnT → Unit that sends the generator of Z =
HomBZnT

(∗, ∗) to the unitary channel ρ 7→ Un
F ρ (U

n
F )

†;

14



2. the restricted Floquet functor ResnTFloq : BZnT → Unit obtained by restriction along
the inclusion B(nZ) ↪→ BZ and the canonical re-labelling that views an n-fold iterated
T -periodic dynamics as a single morphism in BZnT .

On objects (Hilbert spaces) both functors agree; on morphisms they both send the generator
of Z to a unitary channel implemented by Un

F . The two functors are therefore literally equal
as functors of plain (forgetful) data.

The point is now that to detect a DTC one must enrich both functors with the data of
the global symmetry S and ask whether they agree as functors landing in the symmetry-
equivariant subcategory UnitZn ⊂ Unit.

Definition 5.3 (Symmetry-equivariant Floquet functors). Let S ∈ U(H) implement a Zn

symmetry of the drive (SH(t) = H(t)S for all t). Define the symmetry-equivariant lifts

Floq
[n]
S , ResnTFloq

S : BZnT −→ UnitZn , (20)

where UnitZn is the category whose objects are pairs (H, S) of a Hilbert space and a Zn-
symmetry, and whose morphisms are unitaries that commute with S. The first sends
the generator of Z to Un

F together with S; the second sends it to Un
F together with the

stroboscopically-induced symmetry S ′ = UFSU
−1
F (which need not equal S when the drive

permutes symmetry sectors).

Theorem 5.4 (DTC obstruction). Let (Floq, S) be a Floquet system with Zn-symmetry S.
The system realises a discrete time crystal of order n if and only if the canonical natural
transformation

η : ResnTFloq
S =⇒ Floq

[n]
S (21)

(whose component at the unique object is the unitary Un
F , intended to identify the two pairs

(H, UFSU
−1
F ) and (H, S)) fails to be an isomorphism in UnitZn. The failure occurs precisely

because the two source/target pairs in the enriched category UnitZn have different symmetry-
generator data (UFSU

−1
F versus S), so any prospective component Un

F does not commute with
the relevant symmetry data, breaking the equivariance condition required to be an isomor-
phism in UnitZn. Equivalently, the relation UFSU

−1
F = S fails. After the symmetry-forgetting

functor UnitZn → Unit (which drops the symmetry data), η recovers being an isomorphism.

Proof sketch. “⇒”: If the system is a DTC of order n, then by theorem 5.1 there exists an
order parameter Ox whose stroboscopic expectation has period exactly nT . Let |ψ⟩ be a
symmetry-broken state in the thermodynamic-limit sense, so ⟨ψ|Ox|ψ⟩ ̸= 0 but S permutes
the n symmetry-broken states cyclically. Then UF shifts the order parameter by one cyclic
step in this Zn-orbit: UFOxU

−1
F = ζ Ox where ζ = e2πik/n for some k coprime to n (in the

symmetry-broken sector). Equivalently, UFSU
−1
F ̸= S: the drive maps S to UFSU

−1
F , which

is a conjugate of S by UF (and not equal to S itself), so the equivariance square fails. This is
exactly the statement that η fails to be an isomorphism in UnitZn . Forgetting the symmetry,
η becomes the bare unitary Un

F , which is an isomorphism.
“⇐”: If UFSU

−1
F ̸= S but Un

FSU
−n
F = S (which holds because conjugation by UF defines

an action of Z on the symmetry generator that must factor through Zn by finiteness of the
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symmetry data), then there is a non-trivial cyclic action of Zn on S by conjugation by UF .
Diagonalising UF in the simultaneous eigenbasis of Un

F shows that UF has eigenvalues ζk e
−iε

with ζk ranging over the nth roots of unity within each Un
F -eigenspace. Picking an eigenvector

and an order parameter operator overlapping multiple ζk-sectors yields period-nT oscillation
of the expectation value, proving the system is a DTC of order n.

Theorem 5.4 reformulates the physics of DTCs as an obstruction theory: a DTC is the
obstruction to the relation [UF , S] = 0 holding strictly. The symmetry-forgetting functor
witnesses that the obstruction is not visible to the bare stroboscopic dynamics; it lives in
the Zn-equivariant enrichment.

5.3 Period-doubling and Z2 DTCs

The simplest case is n = 2. The DTC obstruction class then lives in the Z2-graded part
of End(UF ) that anticommutes with the drive symmetry. We will see in section 8 that the
kicked Ising chain produces exactly this structure: UF has eigenvalues ±e−iε paired by the
global Ising symmetry, giving period-2T oscillation of ⟨σz

i ⟩.

5.4 Stability and MBL

The Else–Bauer–Nayak theorem [6] guarantees stability of the DTC under generic per-
turbations preserving T -periodicity, provided the system is many-body localised (MBL).
MBL is the obstruction to thermalisation in disordered interacting systems and protects the
symmetry-broken sector from heating to infinite temperature. Recent reviews [13] survey
continuous time crystals and DTC variants in clean systems via prethermal mechanisms.

6 Floquet Topological Insulators

6.1 Floquet–Bloch theory

For a spatially periodic system on a d-dimensional lattice, the static Bloch theorem de-
composes the Hamiltonian into a family {H(k)}k∈BZ on a finite-dimensional fibre. Adding
T -periodic time dependence gives a family H(k, t) doubly periodic in (k, t) ∈ BZ× S1.

Definition 6.1 (Floquet–Bloch evolution). The Floquet–Bloch unitary is the family

U(k, t) := T exp

(
−i

∫ t

0

H(k, s) ds

)
,

viewed as a smooth map U : BZ× [0, T ] → U(N) with U(k, 0) = 1.

6.2 Floquet winding number

Definition 6.2 (Floquet winding number, d = 2). For a 2-dimensional system with full
quasi-energy gap at ε = π, the Floquet winding number is

ν :=
1

8π2

∫
BZ×S1

Tr
[(
U † dU

)3] ∈ Z. (22)
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Theorem 6.3 (Anomalous Floquet bulk-boundary correspondence [8]). For a 2D anomalous
Floquet insulator with Floquet winding number ν at quasi-energy gap π, the open-boundary
spectrum has ν chiral edge modes traversing the gap, even when all bulk Bloch bands have
vanishing Chern number.

The proof uses a homotopy from U(k, t) to a periodic “return map” that explicitly counts
the chiral edge modes; we refer to [8] for details.

6.3 Categorical reformulation

Functorially, the Floquet–Bloch evolution is a functor BZ×BS1 → Unit where BZ is viewed
as the discrete symmetric monoidal groupoid of crystal momenta. The winding number
arises as a degree of the map to U(N); this is precisely a homotopy-class invariant of the
natural transformation classifying the Floquet system.

Definition 6.4 (Trivial Floquet–Bloch evolution). The trivial Floquet–Bloch evolution on a
2D system with N bands is the constant functor Utriv : BZ× [0, T ] → U(N), (k, t) 7→ 1N . As
a Floquet–Bloch evolution it produces zero quasi-energy spectrum (gap at π trivially) and
zero edge modes.

Proposition 6.5 (Floquet topological invariant as natural-transformation class). Let Floq2D∆
denote the moduli space of 2D Floquet–Bloch evolutions with full quasi-energy gap at ε = π
of size at least ∆ > 0, viewed as a topological space with the compact-open topology. Then:

1. π0(Floq
2D
∆ ) ∼= Z, with the isomorphism given by the Floquet winding number ν of

theorem 6.2.

2. Equivalently, two gapped Floquet–Bloch systems U,U ′ are connected by a gap-preserving
path in Floq2D∆ if and only if ν(U) = ν(U ′).

3. The Floquet winding number ν(U) is therefore the obstruction class, in π0(Floq
2D
∆ ) ∼= Z,

to the existence of a gap-preserving natural transformation (i.e. homotopy of Floquet–
Bloch functors) from the trivial Floquet–Bloch evolution Utriv of theorem 6.4 to U .

Proof. A gapped Floquet–Bloch evolution U(k, t) defines a continuous map BZ × [0, T ] →
U(N) which, by full π-gap and the Floquet decomposition, can be deformed (without closing

the π-gap) to a periodic “return map” Ũ : BZ × S1 → U(N). As BZ × S1 ∼= T 3 and
π3(U(N)) = Z for N large, the homotopy classes of such maps are labelled by an integer; the
integral expression in theorem 6.2 computes precisely this homotopy class. Item (2) follows
because a gap-preserving path is a homotopy in Floq2D∆ , which preserves the connected
component. Item (3) is the special case where one endpoint is the trivial evolution: the
obstruction class to homotoping any U to Utriv is exactly ν(U) ∈ Z.

6.4 Periodic table for Floquet topological insulators

The full periodic table of Floquet topological phases extends the equilibrium 10-fold way
(Altland–Zirnbauer) by a Z2-graded K-theory enhancement; the result [9] is that each entry
of the equilibrium table acquires (at most) one extra Z or Z2 factor for the anomalous Floquet
contribution.
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Theorem 6.6 (Roy–Harper periodic table [9]). Let Ks,d
eq denote the equilibrium K-theory

group for symmetry class s in spatial dimension d (Kitaev table). The Floquet K-theory
satisfies

Ks,d
Floq

∼= Ks,d
eq ⊕ Ks,d−1

eq . (23)

The first summand classifies bands individually (the equilibrium Chern numbers); the
second summand classifies the anomalous Floquet contribution (the Floquet winding num-
bers).

Remark 6.7. Theorem 6.6 can be read categorically as the splitting of a long exact sequence in
K-theory induced by the cofibre sequence S1 → D2 → S2 and the Künneth theorem applied
to BZ×S1. The categorical content is: the temporal direction S1 is one categorical dimension
lower than the spatial one, and adds one shifted copy of the equilibrium classification.

7 Prethermalisation and Heating

7.1 Prethermal time scale

Theorem 7.1 (Abanin–De Roeck–Ho–Huveneers [10]). Let H(t) be a T -periodic, locally-
bounded Hamiltonian on a lattice with local energy scale J . There exist constants C, c > 0
depending only on the lattice geometry such that, for ω > CJ , there is a quasi-local effective
Hamiltonian Heff with∥∥U(nT )− e−iHeff nT

∥∥ ≤ CnJ e−cω/J for nT ≤ τ ∗ =
1

J
ecω/J . (24)

In words: the stroboscopic dynamics is approximated by a static effective Hamiltonian
for an exponentially long time scale.

7.2 Three regimes

The Floquet dynamics on a generic interacting lattice has three regimes:

1. Initial transient, t ≲ T : fullH(t) matters; Magnus expansion not yet an approximation.

2. Prethermal, T ≲ t ≲ τ ∗: dynamics governed by H
(≤N∗)
eff . Here theorem 4.5 applies and

Floquet phases are equilibrium phases of Heff .

3. Heating, t ≳ τ ∗: system absorbs energy from the drive, eventually reaching infinite
temperature in a generic interacting bulk [25, 26].

7.3 MBL evades heating

Many-body localised (MBL) systems do not thermalise: emergent local integrals of motion
forbid energy absorption beyond a finite bandwidth. Consequently, MBL Floquet systems
can support stable (rather than just prethermal) DTC and SPT phases. This is the rigorous
content of the Else–Bauer–Nayak theorem.
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Remark 7.2. The prethermal-vs-MBL distinction is reflected in the categorical framework:
prethermal phases factor through theorem 4.5, while MBL Floquet phases do not (the di-
agram fails to close even on an exponentially long time scale; the obstruction class is non-
trivial). This is the precise sense in which DTCs and AFIs are genuinely non-equilibrium
phases.

8 Worked Examples

8.1 The kicked Ising chain (DTC)

8.1.1 Definition

The kicked Ising chain on L sites is governed by the period-T Hamiltonian

H(t) =

{
Hx =

∑
i hx σ

x
i 0 ≤ t < T/2,

Hz =
∑

i Ji σ
z
i σ

z
i+1 +

∑
i h

(i)
z σz

i T/2 ≤ t < T,
(25)

with Ji, h
(i)
z disordered couplings (drawn i.i.d. from a uniform distribution to enable MBL).

The Floquet operator is
UF = e−iHzT/2 e−iHxT/2. (26)

8.1.2 Period-doubling at the π-pulse

For hxT/2 = π/2 (a perfect π-pulse), e−iHxT/2 =
∏

i σ
x
i =: P flips every spin. Then UF =

e−iHzT/2P commutes with
∏

i σ
z
i but anticommutes with the σz

i operators on every site.
Consequently, ⟨ψ0|σz

i (nT )|ψ0⟩ = (−1)n⟨σz
i ⟩ for any product state polarised in σz.

Proposition 8.1. The kicked Ising chain at hxT/2 = π/2+δ with disordered Ji, h
(i)
z realises

a Z2 DTC for |δ| < δc, where δc > 0 is the MBL stability threshold. The DTC obstruction η
of theorem 5.4 has order exactly 2.

Proof sketch. At δ = 0 the DTC is exact. For δ ̸= 0, the perturbation e−iδ
∑

i σ
x
i tilts the spin-

flip but, because of MBL, the dressed local order parameter σ̃z
i continues to anticommute

with the dressed spin-flip P̃ . Stability is the content of [6]; we have nothing to add.

8.1.3 Numerical verification

The accompanying Haskell library (in the companion repository under src/frequency-mo-
dulated-processes/) implements a stroboscopic simulator of the kicked Ising chain on
L ≤ 6 sites, and verifies the period-doubling of ⟨σz

i (nT )⟩ over multiple stroboscopic steps.
The simulation uses an exact construction of the 2L × 2L Floquet operator (via ordered ex-
ponentials of the piecewise-constant kicked Hamiltonian) and tracks the local magnetisation
of a ẑ-polarised initial state. The numerical output of cabal run fmp-demo shows

⟨σz
0(nT )⟩ = (−1)n +O(10−13) for n = 0, 1, . . . , 10

which is the period-2T DTC signature claimed by theorem 8.1.
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8.2 The driven SSH model (AFI edge mode at ε = π)

8.2.1 Definition

The Su–Schrieffer–Heeger model is a 1D bipartite hopping chain. We periodically modulate
the dimerisation:

H(t) =

{
Hintra =

∑
n J1

(
c†n,Acn,B + h.c.

)
0 ≤ t < T/2,

Hinter =
∑

n J2
(
c†n,Bcn+1,A + h.c.

)
T/2 ≤ t < T,

(27)

where A,B label sublattices.

8.2.2 Floquet edge modes at ε = 0 and ε = π

For J1T/2 = J2T/2 = π/2, the Floquet operator on a cylinder has zero-energy edge modes at
both quasi-energies ε = 0 and ε = π, even though the time-averaged Hamiltonian is gapless
and topologically trivial. The phase is detected by a non-zero Floquet winding number on a
Z2-graded extension of theorem 6.2 appropriate to 1D systems.

Proposition 8.2. The driven SSH model in the regime J1T/2, J2T/2 ∈ (π/4, 3π/4) realises
an anomalous Floquet topological insulator with one chiral edge mode at ε = π and one at
ε = 0.

Proof sketch. Compute the Floquet–Bloch unitary U(k, T ) = e−iHinter(k)T/2 e−iHintra(k)T/2. At
the special point J1T/2 = J2T/2 = π/2 both factors are π-rotations on opposite sublattice
axes; their product traces out a 2π-winding of the Floquet–Bloch unitary U(k, t) as (k, t)
ranges over the spatio-temporal Brillouin torus, contributing winding number 1 in the ho-
motopy class π3(U(N)) = Z. By bulk–boundary correspondence [8], this gives one chiral
edge mode at ε = π.

8.2.3 Comparison with equilibrium

The static SSH model has only the ε = 0 edge mode (when topological); the ε = π edge
mode is genuinely Floquet — it has no equilibrium counterpart and is detected only by the
Floquet winding number, not by any time-averaged invariant.

9 Open Problems

1. Continuous time crystals. Spontaneous breaking of continuous time-translation sym-
metry in a closed quantum system is forbidden by Watanabe–Oshikawa [14] for the
ground state, but variations under drive or in dissipative settings remain open [15].

2. Floquet phases in (3+1)D. Extending the Roy–Harper periodic table [9] to interacting
systems in 3 + 1 dimensions, including possible non-Abelian Floquet phases.

3. Floquet many-body scars. Periodic drive stabilising scar states in non-integrable models;
relationship between scars and DTC order.
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4. Categorical Floquet RG. A renormalisation-group fixed-point structure on HamT , in
particular the existence of Floquet conformal field theories as fixed points of the tem-
poral periodicity.

5. Composition with Law IV. What is the holographic dual of a Floquet CFT? Does the
AdS bulk become time-dependent, or does it acquire a temporal S1 factor (giving an
AdS-cylindrical bulk)? Initial work [16] suggests both.

6. Beyond stroboscopic equivalence. The categorical equivalence relation on HamT that
captures Floquet phases is broader than stroboscopic equivalence (which fixes UF up
to similarity) but narrower than micromotion-blind equivalence; identifying the correct
intermediate equivalence is open.

10 Discussion: The Modular Composition Hooks

We close by stating explicitly the data that Law III exposes for consumption by Law IV.

1. Sambe-space functor ST : QChan → Hilbsep (theorem 2.9). Law IV will use ST as the
source category for an information-geometric extension: the Bures metric on ST (H),
restricted to a smooth family of Floquet states, is the candidate Floquet Fisher metric
whose holographic interpretation will be developed in Paper 4.

2. Effective-Hamiltonian functor H
(≤N)
eff (theorem 4.3). Law IV uses this to reduce holo-

graphic Floquet questions to (perturbed) holographic equilibrium questions in the
prethermal regime, leveraging existing AdS/CFT results.

3. Floquet topological invariants (theorems 6.2 and 6.5). Law IV interprets these as K-
theoretic data on the boundary of an emergent bulk; the AFI winding number will be
the temporal companion to the bulk Chern–Simons level.

4. DTC obstruction 2-cells (theorem 5.4). In Law IV these will become non-trivial 2-cells
in the holographic functor, plausibly dual to time-periodic bulk geometries (perhaps
related to Floquet-analog wormholes; cf. [16]).

We emphasise once more: this is a modular pipeline. Law IV does not subsume Law III,
nor does Law III subsume Law II. Each lift is a proper functor with its own emergent
invariants. The composition LiftIII→IV ◦LiftII→III produces precisely the categorical substrate
over which the Fisher–Bures information geometry of Law IV is defined.

11 Conclusion

We have presented Law III of the modular Emergent Spacetime Dynamics framework: a
categorical theory of frequency-modulated quantum processes. The central technical contri-
butions are:
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• A 2-categorical formulation of Floquet evolution as a strict 2-functor EvT : HT → UZ
(theorem 3.7).

• A directed-system formulation of the Magnus expansion as an asymptotic effective-
Hamiltonian functor (theorem 4.4), and a precise prethermal compositional lifting the-
orem (theorem 4.5).

• A reformulation of discrete time crystals as obstruction 2-cells in the comparison be-
tween restricted and iterated Floquet drives (theorem 5.4).

• A reformulation of Floquet winding numbers as obstruction classes for natural trans-
formations between Floquet–Bloch functors (theorem 6.5), recovering the Roy–Harper
periodic table [9].

• Explicit composition hooks — the Sambe-space functor, the effective-Hamiltonian func-
tor, the Floquet topological invariants, and the DTC obstruction 2-cells — for Law IV.

The Haskell artifacts in the accompanying repository implement a first-order Magnus
solver, a kicked-Ising-chain simulator, and property tests for unitarity and periodicity, pro-
viding an executable correspondence between the categorical framework and concrete nu-
merics.

The next paper in the series, Law IV (Information-bearing Structures), takes the categor-
ical substrate exhibited by the composition LiftII→III◦LiftI→II and lifts it once more, this time
to information geometry: the Fisher–Bures metric on the space of Floquet states becomes a
Riemannian structure from which holographic spacetime emerges. The full hierarchy

MonCat −→ Phaseeq −→ PhaseFloq −→ InfoGeom

is the modular pipeline through which classical spacetime emerges from categorical quantum
information. The present paper provides the third stage; the fourth is the subject of Paper 4.
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