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Abstract

We present Law IV of the modular research series Emergent Spacetime Dynam-
ics, the capstone law in a four-paper hierarchy that derives geometry and spacetime
from layered categorical and informational structures. Building on Law I (categorical
primitives), Law II (phase-bound matter as functorial classes), and Law III (frequency-
modulated processes as Floquet functors), we argue that the compositional structure
produced by the prior three laws is sufficient to generate emergent information geom-
etry, holographic codes, and ultimately spacetime itself.

We formalise quantum error correction as a categorical functor enc: Hilblogical →
Hilbphysical and show that holographic codes (Pastawski–Yoshida–Harlow–Preskill,
2015) realise AdS/CFT-style emergent geometry as an isometric embedding whose
discrete Ryu–Takayanagi formula is exact. We show that the Fisher information met-
ric defines a Riemannian structure on parametrised quantum state manifolds, and
that this metric reproduces, in the holographic limit, features of the bulk AdS metric.
We give Van Raamsdonk’s entanglement-as-glue argument a categorical reformulation
as a continuity property of an emergent metric functor, and we explain ER=EPR
(Maldacena–Susskind, 2013) as the assertion that the entanglement-induced metric
and the gravitational metric agree on bipartite states.

The central modular thesis is that none of the emergent properties at this level—
the existence of a Riemannian metric on state space, holographic encoding, the Ryu–
Takayanagi area law, or geometric connectivity from entanglement—can be derived
from any single prior law alone. They emerge from the precise compositional layering:
Law I supplies the morphism calculus, Law II supplies the long-range entangled sub-
strate (topological order acting as the QEC code), and Law III supplies the temporal
dynamics (modular flow as Floquet evolution); the composition is what produces a
metric.

We provide worked examples on the HaPPY pentagon code and on Fisher metrics
for Gaussian families, and we close with a discussion of open problems including covari-
ant holography, the island formula, holographic complexity, and the rigorous derivation
of non-linear Einstein equations from entanglement. A companion software package
implementing the central discrete examples is available alongside the manuscript.
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1 Introduction

This paper is Law IV of a four-paper modular research series. Before stating the contributions
of Law IV proper, we briefly recapitulate the prior laws so that the compositional structure
we exploit here is unambiguous.

1.1 Recap: the prior laws

Law I — Mathematical Formalisms. Law I establishes that the natural language of
compositional physics is that of †-symmetric monoidal categories, ∞-toposes, sheaves, op-
erads, and linear type theory [13, 14, 15, 16, 17, 18, 19]. Its core artefacts—the string dia-
gram calculus, the cobordism hypothesis, and the Curry–Howard–Lambek correspondence—
become, in Law IV, the tensor network calculus, the holographic functor, and the type-
theoretic encoding of bulk reconstruction respectively.

Law II — Phase-bound Matter. Law II classifies equilibrium phases of matter functo-
rially: a Landau phase with symmetry group G is a functor F : BG→ Ham in the delooping
bicategory; topological order is captured by unitary modular tensor categories; SPT phases
are classified by group cohomology and, more generally, by twisted equivariant cobordism
[20, 21, 22, 23, 24]. Law II provides the long-range entangled substrate that, in Law IV, acts
as the carrier of a quantum error-correcting code structure.

Law III — Frequency-modulated Processes. Law III lifts Law II by adjoining a pe-
riodic temporal dimension, modelling drives as monoidal functors over the circle category
and Floquet phases as functorial classes [25, 26, 27, 28, 29]. Time crystals appear as nat-
ural transformations encoding spontaneous breaking of discrete time-translation symmetry;
Floquet topological invariants are obstructions to homotopies of Floquet functors. In Law
IV, the Floquet structure becomes modular flow: time evolution generated by the modular
Hamiltonian KA = − log ρA of a reduced state.
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1.2 Position of Law IV in the modular composition

The series is modular, not unified: each law is a self-standing layer that composes onto the
prior layers via functorial liftings. Law IV is the capstone in the sense that it consumes
the compositional output of Laws I–III and produces a new emergent structure, namely a
Riemannian metric on the space of states, from which spacetime geometry emerges.

The modular thesis specialised to Law IV is precise:

No single prior law produces a metric on state space. Law I gives only a cat-
egorical grammar with traces; Law II gives long-range entanglement and topo-
logical invariants but no metric; Law III gives temporal flow but still no metric.
Only the composition of all three is rich enough that the Fisher–Bures metric
on parametrised state families becomes definable, and only then does the Ryu–
Takayanagi area law of an emergent surface become an instance of OAQEC com-
plementary recovery.

We make this thesis precise in Section 8 via a 2-categorical lifting diagram and a non-
derivability proposition (Theorem 8.2).

1.3 Audience and intent

Because the paper synthesises material from condensed matter (topological order, Floquet
phases), quantum information (QEC, holographic codes), and high-energy theory (hologra-
phy, ER=EPR), some clarification of intent is in order. This paper is best read as a manifesto
for a research programme: a synthesis that brings together rigorous discrete results (HaPPY
codes, Knill–Laflamme, Fisher metrics on Gaussian families) with conjectural continuum
extensions (categorical AdS/CFT, the Miyaji–Takayanagi conjecture, the entanglement-
continuity of Γ). It is not a primary research result in any single sub-discipline, nor a
comprehensive review of any one area. Its novelty lies in the proposed organising schema —
the modular composition of Laws I–III into Law IV — and in the explicit non-derivability
statement (Theorem 8.2) at the level of the worked examples we exhibit. Specialists will
recognise the constituent results; the contribution we offer is the compositional reading.

1.4 Contributions

1. We give a fully categorical formulation of quantum error correction as a sub-object
embedding enc: HilbL ↪→ HilbP in †-Hilb, and reformulate the Knill–Laflamme con-
ditions as a naturality square (Section 3).

2. We present the HaPPY holographic code on a small pentagon-tile arrangement, prove
its bulk-to-boundary isometry, and verify the discrete Ryu–Takayanagi formula in the
worked example (Sections 4 and 9).

3. We define the Fisher information metric and the Bures metric, prove monotonicity
(Chentsov), and exhibit the Fisher metric on the manifold of Gaussian states (Sec-
tions 6 and 9).
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4. We give Van Raamsdonk’s entanglement-as-glue argument a categorical formulation
as continuity of the metric functor under decoherence (Section 7).

5. We propose the modular composition framework (Theorem 8.1) as a conjectural or-
ganising schema for the emergence of geometry from Laws I–III. We then prove the
non-derivability statement (Theorem 8.2) at the level of the explicit examples we ex-
hibit, showing that no individual prior law produces the Fisher–Bures metric or the
Ryu–Takayanagi area law in isolation.

6. We complement the theoretical framework with a companion software package that
implements a stabiliser-code framework, a toy HaPPY-style holographic code on a small
tile arrangement, a Fisher metric calculator for Gaussian families, and property tests
for code distance and complementary recovery; the package architecture is summarised
in Section A.

1.5 Notation

Throughout the paper, Hilb denotes the †-symmetric monoidal category of complex Hilbert
spaces with bounded linear maps; FHilb is its full subcategory on finite-dimensional spaces.
We writeCP for the category of finite-dimensional C∗-algebras and completely positive trace-
preserving (CPTP) maps. A density matrix is denoted ρ, and the modular Hamiltonian of
ρA is KA := − log ρA. We use S(A) := −Tr(ρA log ρA) for the von Neumann entropy and
S(ρ∥σ) := Tr(ρ log ρ)− Tr(ρ log σ) for the relative entropy. Newton’s constant is GN , set to
unit conventions where convenient. The Pauli matrices are X,Y, Z.

2 Mathematical Framework

We collect the categorical and operator-theoretic prerequisites used throughout the paper.
Detailed expositions of the underlying machinery appear in Law I; here we restate only what
is required for Law IV.

2.1 †-symmetric monoidal categories

Definition 2.1 (†-symmetric monoidal category). A †-symmetric monoidal category is a
tuple (C,⊗, I, α, λ, ρ, σ, †) where (C,⊗, I, α, λ, ρ, σ) is a symmetric monoidal category and
† : Cop → C is a contravariant involutive identity-on-objects functor satisfying (f †)† = f ,
(g ◦ f)† = f † ◦ g†, (f ⊗ g)† = f † ⊗ g†, and compatibility with the structural isomorphisms.

Example 2.2. FHilb with ⊗ the tensor product over C, I = C, and † the Hermitian adjoint
is a †-symmetric monoidal compact closed category. Every map f : H → K has a unique
adjoint f † : K → H, and f is unitary iff f † ◦ f = idH and f ◦ f † = idK .

Definition 2.3 (Isometry). Amorphism V : A→ B in a †-category is an isometry if V †◦V =
idA. It is a coisometry if V ◦ V † = idB, and a unitary if both.
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2.2 Quantum channels and the CP category

Definition 2.4 (Quantum channel). A quantum channel is a CPTP map N : B(HA) →
B(HB). Every channel admits a Stinespring dilation N (ρ) = TrE[V ρV

†] with V : HA →
HB ⊗ HE an isometry. Equivalently, N (ρ) =

∑
kKkρK

†
k with Kraus operators satisfying∑

kK
†
kKk = id.

The category CP has C∗-algebras as objects and CPTP maps as morphisms; it is sym-
metric monoidal under tensor product and is the natural codomain category for noise models
in quantum error correction.

2.3 Subsystems, reduced states and the modular operator

For a bipartite state ρAB, the reduced state is ρA := TrB[ρAB]. The von Neumann entropy
is S(A) := −Tr(ρA log ρA), and the modular Hamiltonian is KA := − log ρA. Modular
flow is σtA(O) := eitKAOe−itKA ; in vacuum states of a Lorentz-invariant QFT restricted to a
half-space, modular flow is by Bisognano–Wichmann a boost (cf. [30]).

Theorem 2.5 (Klein’s inequality). For density matrices ρ, σ on the same Hilbert space, the
relative entropy satisfies

S(ρ∥σ) := Tr(ρ log ρ)− Tr(ρ log σ) ≥ 0,

with equality iff ρ = σ.

This will play a foundational role: in holography, the positivity of relative entropy implies
the Bousso bound and the linearised positive energy theorem in the bulk.

3 Quantum Error Correction as a Categorical Functor

3.1 Codes as sub-objects in †-Hilb

Definition 3.1 (Quantum error-correcting code). A quantum error-correcting code is a
triple (HL, HP , enc) where HL, HP are Hilbert spaces and enc: HL → HP is an isometry
(Theorem 2.3). The image enc(HL) ⊆ HP is the code subspace.

Operationally, an isometric encoder admits a left inverse dec := enc† : HP → HL such
that dec ◦ enc = idHL

. Errors are modelled as a finite set E = {E1, . . . , Em} of bounded
operators on HP .

Theorem 3.2 (Knill–Laflamme conditions). A code (HL, HP , enc) corrects the error set E
if and only if there exists a Hermitian matrix C = (Cab) with

enc†E†
aEb enc = Cab idHL

∀a, b.

Proof. (⇒) Suppose a recovery channel R : B(HP ) → B(HL) exists, satisfying

R
(
Eaencρenc

†E†
b

)
= cab ρ

6



on the code subspace. By considering the action of the recovery channel on a basis of code-
subspace states and matching matrix elements, one shows that the products enc†E†

aEbenc
cannot distinguish logical states; hence each must be a scalar multiple of idHL

, the scalar
being Cab.

(⇐) Given the scalar condition, diagonalise the Hermitian matrix C as C = UDU † with
D diagonal and non-negative. Define new error operators E ′

a :=
∑

b U
∗
baEb; these act as

mutually orthogonal isometries on the code subspace, in the sense that

(E ′
aenc)

†(E ′
benc) = Daa δab idHL

.

Each E ′
a thus sends the code subspace to a distinguishable orthogonal subspace, so a syn-

drome measurement projecting onto these subspaces uniquely identifies the error and a con-
trolled inverse-isometry recovers the encoded state. Equivalently, the Petz transpose recovery
map

RP (σ) := enc† ρ1/2enc N ∗(ρ−1/2
enc σρ−1/2

enc

)
ρ1/2enc enc

inverts the noise exactly on the code subspace; see [32] for the explicit construction.

Remark 3.3 (Categorical reading). Theorem 3.2 can be read as a naturality condition. Define
the functor Φ: B(HL) → B(HP ) by Φ(ρ) := encρenc†. Then the Knill–Laflamme condition
is the assertion that the diagram

B(HL) B(HP )

B(HL) B(HP )

Φ

id Eab

Φ

commutes up to multiplication by Cab ∈ C, i.e. the noise Eab is, on the image of Φ, indistin-
guishable from a scalar.

3.2 Operator algebra quantum error correction

A more refined picture, developed in [31, 8, 9], is the operator-algebra version (OAQEC).
Instead of correcting all errors on the whole code, OAQEC asks: what is the maximal
subalgebra A ⊆ B(HL) whose action survives the noise?

Definition 3.4 (Operator-algebra QEC). A code (HL, HP , enc) corrects E for the subalgebra
A if there exists a recovery channel R : B(HP ) → B(HL) such that for every a ∈ A, every
error E ∈ E , and every code state ρ ∈ B(HL),

Tr
[
aR(E encρenc†E†)

]
= Tr[aρ].

OAQEC is the precise tool for holography: in a holographic code, different boundary
regions correspond to different subalgebras of bulk operators, and complementary recovery
says that for any boundary bipartition A ⊔ Ac, the bulk algebra AW in the entanglement
wedge W (A) is reconstructable from A.

7



3.3 The encoding functor

Proposition 3.5 (Encoding as a †-monomorphism). An encoding isometry enc : HL → HP

is a †-monomorphism in FHilb, i.e. enc† ◦ enc = idHL
. Conversely, any †-monic morphism

in FHilb is an encoding isometry up to unitary normalisation.

Proof. By definition of isometry, enc† ◦ enc = id. For the converse, †-monic in FHilb means
there exists a left inverse g with g ◦ enc = idHL

. Setting g = enc† recovers the isometry
condition.

The full encoding-and-recovery loop is best described at the level of channels rather than
mixing isometries with superoperators. Let E : B(HL) → B(HP ) be the encoding channel
E(ρ) := encρenc†. Then the loop is the diagram

B(HL) B(HP ) B(HP ) B(HL)
E N R (1)

with the recovery condition

(R ◦N ◦ E)(ρ) = ρ for every code-subspace state ρ ∈ B(HL).

Naturality with respect to the choice of basis is the statement that codes are intrinsic,
depending only on the embedding of HL into HP .

4 Holographic Codes (HaPPY) and Bulk Reconstruc-

tion

4.1 Perfect tensors

Definition 4.1 (Perfect tensor). A tensor T ∈ (Cd)⊗2n is perfect if for every bipartition
of its 2n indices into two equal-sized sets A and B with |A| = |B| = n, the linear map
TBA : (Cd)⊗n → (Cd)⊗n obtained by treating A-indices as inputs and B-indices as outputs is
a unitary (equivalently, T has maximal entanglement across every balanced cut).

Equivalently, viewing T as a state |T ⟩ ∈ (Cd)⊗2n, every reduced density matrix on any
half of the legs is maximally mixed. Perfect tensors are also known as absolutely maximally
entangled (AME) states.

Example 4.2 (Five-qubit code as a perfect tensor). The [[5, 1, 3]] five-qubit code due to
Bennett–DiVincenzo–Smolin–Wootters and Laflamme–Miquel–Paz–Zurek encodes one logi-
cal qubit into five physical qubits and corrects an arbitrary single-qubit error. Its codeword
state |0⟩, viewed as a state on six qubits (one logical input, five physical outputs), is a perfect
tensor of 2n = 6 legs over d = 2.
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4.2 The HaPPY tensor network

The HaPPY code [1] is built by tiling the hyperbolic disk with pentagons (the {5, 4} tiling)
and assigning a perfect tensor to each pentagon. Each perfect tensor, viewed as an isometry,
takes a designated subset of legs as inputs and the remaining legs as outputs. In the HaPPY
construction, one leg of each tensor is left “dangling” inward and serves as the input bulk
logical leg; the remaining legs are contracted with neighbouring tensors along shared edges,
with the legs reaching the outer boundary of the disk being the boundary physical qubits.

T0

T1

T2

T3

T4 T5

Figure 1: Schematic representation of the HaPPY tensor network on a {5, 4} pentagon tiling
of the hyperbolic disk. Each pentagon hosts a perfect tensor (an isometry from a chosen
subset of legs to the remainder); one “dangling” leg per tile is the bulk logical qubit, and the
uncontracted legs terminating at the boundary (marked by red dots) represent the physical
qubits of the code.

Theorem 4.3 (Pastawski–Yoshida–Harlow–Preskill, 2015). The HaPPY tensor network on
a finite region of the {5, 4} tiling defines an isometry V : Hbulk → Hboundary. For any con-
nected boundary region A, the entanglement entropy of V |ψ⟩ on A satisfies the discrete
Ryu–Takayanagi formula

S(A) = |γA| · log d + Sbulk(W (A)),

where |γA| is the minimum number of bulk legs cut to disconnect A from its complement, d is
the bond dimension, and Sbulk(W (A)) is the bulk entanglement entropy in the entanglement
wedge W (A).

Proof sketch. The isometry property follows by induction on the number of tiles: contracting
a single perfect tensor into a partial network preserves isometry because perfect tensors are
unitary across every balanced cut. Given the isometry, the entropy formula follows by the
greedy algorithm: any minimum cut separates A from its complement through exactly |γA|
bulk legs, each contributing log d to the entropy, plus the entropy of any bulk operators in
the entanglement wedge. See [1] for full proof.
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4.3 Bulk reconstruction and complementary recovery

Definition 4.4 (Entanglement wedge). For a connected boundary region A, the entangle-
ment wedge W (A) is the set of bulk tiles homologous to A, i.e. those reachable from A by
greedily “swallowing” tiles whose contracted indices lie strictly within A or have already
been swallowed.

Theorem 4.5 (Entanglement-wedge reconstruction). For the HaPPY code, any bulk op-
erator ϕ supported in the entanglement wedge W (A) admits a boundary representation ϕ̂A
supported on A such that V ϕ = ϕ̂AV on the code subspace. (This formulation is due to
Almheiri, Dong, and Harlow [8].)

The proof uses the perfect-tensor property: at every step of the greedy algorithm one
can “push” the bulk operator through the network using the unitarity of the local perfect
tensors.

5 Ryu–Takayanagi and Entanglement Entropy as Area

5.1 The continuum formula

In a continuum holographic CFTd dual to AdSd+1 gravity, Ryu and Takayanagi [2] proposed:

Theorem 5.1 (Ryu–Takayanagi). For a static spatial region A on the boundary of a holo-
graphic CFT in a state with semiclassical bulk dual,

S(A) =
Area(γA)

4GN

,

where γA is the codimension-2 minimal-area bulk surface homologous to A, with ∂γA = ∂A.

Remark 5.2. The HaPPY discrete RT formula in Theorem 4.3 is the statement that the
lattice analog of Area(γA)/4GN , namely |γA| log d, is exact in the code Hilbert space.

5.2 Linearised Einstein from the entanglement first law

Faulkner–Guica–Hartman–Myers–Van Raamsdonk [10] proved:

Theorem 5.3 (Linearised Einstein from entanglement). The entanglement first law δS(A) =
δ⟨KA⟩ for all spherical boundary regions A, taken to first order in metric perturbations around
vacuum AdS, is equivalent to the linearised Einstein equations in the bulk.

We sketch the argument. On the boundary, the entanglement first law states that the
variation of the entanglement entropy of a region A equals the variation of the expectation
value of the modular Hamiltonian: δS(A) = δ⟨KA⟩. Apply the Ryu–Takayanagi formula
(Theorem 5.1) to the left-hand side: δS(A) = δArea(γA)/(4GN), the variation of the bulk
minimal surface area. On the right-hand side, the modular Hamiltonian for a ball-shaped
region in vacuum CFT has, by Bisognano–Wichmann together with the Casini–Huerta–
Myers [34] relation, an expression in terms of the boundary stress tensor; its variation is then
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a CFT correlator. Equating the geometric variation δArea with the CFT correlator, and
using the holographic dictionary to convert the latter into a bulk source, yields exactly the
integrated linearised Einstein equation

∫
(G

(1)
µν − 8πGNT

(1)
µν ) ξµnν = 0 for every ball-shaped

region; demanding this for all balls is equivalent to the local linearised Einstein equation
G

(1)
µν = 8πGN T

(1)
µν . See [10] for the full proof.

5.3 AdS/CFT as a functor

Remark 5.4 (Holographic functor: a conjectural framework). The full categorical formalisa-
tion of AdS/CFT [3] remains an open research programme; the following is intended as a
conjectural framework, not as an established definition. We posit a †-symmetric monoidal
functor Φhol : Bulk → Bdy between †-symmetric monoidal categories Bulk and Bdy (the
precise definition of which is itself part of the programme) satisfying:

1. Φhol on objects sends bulk Hilbert spaces Hbulk to boundary Hilbert spaces H∂;

2. Φhol on morphisms sends bulk evolutions to boundary evolutions and is an isometry of
inner products;

3. For every boundary subregion A, the restriction of Φhol to bulk operators in W (A)
takes values in boundary operators on A.

Property (3) is the entanglement-wedge reconstruction (Theorem 4.5); property (2) is the
inner product preservation that, combined with (3), implies the Ryu–Takayanagi formula via
the entropy formula for isometric embeddings. In the discrete HaPPY model (Section 4) all
three properties hold rigorously; in the continuum they constitute the holographic-functor
research programme [9, 8].

6 Fisher Information Metric and Statistical Manifolds

6.1 Classical Fisher metric

Definition 6.1 (Statistical manifold). A statistical manifold is a smooth manifold M to-
gether with a smoothly-parametrised family {pθ : θ ∈ M} of probability density functions
on a measure space (X , µ).

Definition 6.2 (Fisher information metric). On a statistical manifold M with coordinates
θ = (θ1, . . . , θn), the Fisher information metric is the rank-2 tensor

gij(θ) := Eθ[∂i log pθ ∂j log pθ] = −Eθ[∂i∂j log pθ] .

The Fisher metric is positive semidefinite and is positive definite under the regularity
condition that the score functions ∂i log pθ are linearly independent.

Theorem 6.3 (Chentsov). On the simplex of probability distributions over a finite alphabet,
the Fisher metric is the unique (up to positive scalar) Riemannian metric that is monotone
non-increasing under stochastic (Markov) maps.
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Sketch. Monotonicity forces the metric to satisfy a contraction inequality under Markov
morphisms; by the Stinespring/Choi structure on stochastic maps and a representation-
theoretic argument, the only invariant rank-2 tensor on the simplex satisfying this inequality
is, up to scale, the Fisher metric. See Amari–Nagaoka [11] for a full treatment.

Example 6.4 (Univariate Gaussian family). For pµ,σ(x) = (2πσ2)−1/2 exp(−(x− µ)2/2σ2),
the Fisher metric is

g =

(
1/σ2 0
0 2/σ2

)
,

in coordinates (µ, σ). This is the hyperbolic metric on the upper half-plane {σ > 0} up to a
constant scaling. The µ-axis is at infinite distance from the boundary σ → 0.

Theorem 6.4 is striking: the Fisher metric on the simplest non-trivial parametric family
is the AdS2 metric (up to scale). This is the prototype of emergent hyperbolic geometry from
information.

6.2 Quantum Fisher metric

Definition 6.5 (Symmetric logarithmic derivative). For a smooth family ρθ of density matri-
ces, the symmetric logarithmic derivative (SLD) Li at θ is the Hermitian operator satisfying

∂iρθ = 1
2
(Liρθ + ρθLi).

Definition 6.6 (Quantum Fisher metric). The quantum Fisher metric is

gQij(θ) := 1
2
Tr[ρθ{Li, Lj}] .

Theorem 6.7 (Quantum Fisher monotonicity). The quantum Fisher metric is monotone
non-increasing under CPTP maps: for any quantum channel N acting on the family ρθ, the
induced metric on the parameter manifold θ 7→ N (ρθ) is bounded above by gQij(θ). This is
a special case of the broader monotonicity of the quantum Rényi divergences established by
Petz [35] and standard in quantum information theory [11, 32].

The Bures metric is most naturally defined via the quantum fidelity

F (ρ, σ) := Tr
[√√

ρ σ
√
ρ
]

as the line element
ds2B(ρ, ρ+ dρ) := 2

(
1− F (ρ, ρ+ dρ)

)
.

For a smoothly parametrised family ρθ, this equals one quarter of the quantum Fisher metric:
ds2B = 1

4
gQij(θ) dθ

i dθj. The Bures metric is a Riemannian metric on the manifold of full-rank
density matrices.
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6.3 Information geometry on CFT state space

The Miyaji–Takayanagi conjecture [12] posits that the Fisher–Bures metric on the space of
CFT states (taken with respect to a sliding-window family of half-space modular Hamilto-
nians) reproduces, in the holographic limit, the bulk AdS metric. Concretely, for a CFT2

vacuum and a one-parameter family of states obtained by sliding the entangling interval along
the boundary, the induced Bures metric is, to leading order in the conformal dimension, the
AdS3 metric on the entangling-interval moduli space.

7 Van Raamsdonk-style Entanglement-as-Glue

7.1 The thermofield double argument

The thermofield double state of two copies of a CFT,

|TFD(β)⟩ =
1√
Z(β)

∑
n

e−βEn/2|n⟩L|n⟩R,

is dual to the eternal AdS–Schwarzschild black hole [4]. The two CFT copies live on the two
asymptotic boundaries; the wormhole connecting them is the maximally extended bulk.

Van Raamsdonk [6] observed: if one disentangles the two CFTs by Schmidt-decomposing
|TFD⟩ and partially erasing the off-diagonal terms, the resulting state’s bulk dual is a pair
of disconnected AdS spaces. The bulk Einstein–Rosen bridge thins, then pinches off as
entanglement is removed.

The conclusion: spacetime connectivity is proportional to entanglement.

7.2 Categorical reformulation

We give a categorical version of the Van Raamsdonk argument. Let Stateρ be the (small)
groupoid of CFT states accessible by unitary boundary operations, and let Geom be the
groupoid of asymptotically AdS bulk geometries with the same boundary data, with mor-
phisms isometries. Define a functor

Γ: Stateρ → Geom

that sends a CFT state to its bulk dual.

Remark 7.1 (Entanglement continuity of Γ: a conjecture). We conjecture that the functor
Γ is continuous with respect to the Bures distance on Stateρ and the Gromov–Hausdorff
distance on Geom, in the sense that if |ψn⟩ → |ψ⟩ in Bures metric then Γ(|ψn⟩) → Γ(|ψ⟩) in
Gromov–Hausdorff distance, with the entanglement entropy Sn(A) converging to S(A). This
continuity is conjectural in the continuum; in the HaPPY discrete model it follows rigorously
from the discrete Ryu–Takayanagi formula, which gives an explicit Lipschitz continuity of the
bulk graph distance with respect to entanglement perturbations. We give the quantitative
discrete form in Theorem 8.3 below.
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7.3 ER=EPR

The ER=EPR conjecture [5] asserts that every pair of entangled subsystems is connected
by a (possibly Planck-scale) Einstein–Rosen bridge in the bulk dual. In our framework this
is the statement that the Γ functor is faithful: distinct entanglement structures correspond
to distinct bulk topologies.

Remark 7.2 (ER=EPR as faithfulness). The ER=EPR conjecture, framed in the modular
language, is the assertion that Γ is faithful on the subgroupoid generated by entanglement-
creating boundary operations. Faithfulness means no information about the entanglement
structure is forgotten in passing to the bulk geometry.

8 Modular Composition: How Laws I–III Combine to

Produce Emergent Geometry

8.1 Ingredients of the modular composition

We make precise the assertion that Law IV’s emergent geometry arises from the synthesis of
three ingredients drawn from Laws I–III. We emphasise that the formal language of “lifting
functors” below is an organising schema, not a rigid hierarchy: Law I provides the categorical
language, while Laws II and III contribute distinct physical inputs (long-range entanglement
and modular/temporal flow) that combine with that language to define Law IV.

Schematically, recall the lifting functors of the series:

Law I Law II Law III Law IV
LI→II LII→III LIII→IV

LI→II: Sends a symmetric monoidal †-category to its category of phase functors [BG,Ham]
for each symmetry group G.

LII→III: Sends a phase functor F : BG→ Ham to a Floquet phase functor

Fl(F ) : B(G× ZT ) → FloquetHam.

LIII→IV : Sends a Floquet phase Fl(F ) to its information-geometric structure: the Fisher
metric on the parameter manifold of drives, the modular flow on entangled subregions,
and the holographic-code structure when topological order is present.

Remark 8.1 (Modular composition: a conjectural framework). We do not claim a theorem
here; rather, we organise the modular composition as a conjectural framework. We posit
a 2-category Theory whose 0-cells are physical theories (in a sense to be made precise),
whose 1-cells are functorial liftings of the kind constructed in Laws I–III, and whose 2-cells
are natural transformations of liftings; the composite lifting L := LIII→IV ◦ LII→III ◦ LI→II

is then conjectured to take values in theories simultaneously equipped with:

1. a †-symmetric monoidal structure (from Law I);

2. long-range entanglement and a topologically ordered code subspace (from Law II);

14



3. modular flow and a periodic temporal structure (from Law III);

4. a Riemannian Fisher–Bures metric on parametric state families and a holographic-code
structure on the long-range entangled substrate.

The first three properties are inherited from the individual liftings as constructed in the prior
laws. The fourth is the conjectural emergent property: in the discrete examples we exhibit
(Section 9) it is realised concretely; in the continuum it remains a research programme. We
emphasise that this remark is a conceptual schema for organising physical principles, not a
mathematically proven theorem; a full categorical formalisation of the 2-category Theory
and the lifting functors is left to future work and to the synthesis paper of the series.

8.2 Non-derivability from any single prior law

Proposition 8.2 (Non-derivability within the modular framework). Within the modular
framework presented in this paper, the Fisher–Bures metric and the Ryu–Takayanagi area
formula are not derivable from Law I alone, nor from Law II alone, nor from Law III alone.
They emerge only in the image of the composite lifting L. We emphasise that this is a
structural statement about the proposed compositional schema, not a no-go theorem about
hypothetical alternative derivations from differently-defined ingredients.

Proof. We exhibit, for each individual law, a model satisfying that law but not exhibiting
the emergent metric.

Law I alone: The category FHilb of finite-dimensional Hilbert spaces with no chosen
subobject lattice is a †-symmetric monoidal compact closed category (object of Law I), but
carries no preferred Riemannian structure on its space of states; the natural transformations
of Law I include unitaries but not the metric-defining SLDs.

Law II alone: A topologically ordered phase, e.g. Kitaev’s toric code, exhibits long-range
entanglement and a topological entanglement entropy γ = logD, but no Riemannian metric
on its ground-state manifold can be canonically constructed without specifying a parametric
family (Law III/IV input). The Fisher metric requires smooth parametric dependence; Law
II provides only discrete data.

Law III alone: A Floquet system on a Hilbert space without long-range entanglement
has well-defined modular flow but no topologically protected code subspace; the holographic-
code structure is absent, and the Fisher metric on its parameter space (drive amplitude,
frequency) does not satisfy any RT-like area law.

Only when all three are composed do we simultaneously have: (i) the categorical ma-
chinery (Law I), (ii) the long-range entangled topological substrate that acts as a QEC code
(Law II), and (iii) the smooth temporal/parametric flow defining the Fisher metric (Law
III). The Ryu–Takayanagi formula then arises in the image of LIII→IV as a theorem about
the OAQEC content of the substrate.

Theorem 8.2 is the modular thesis specialised to Law IV: emergent geometry is irreducibly
compositional. There is no shortcut from any single prior layer to spacetime; the composition
is the mechanism.
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8.3 Quantitative Lipschitz bound on the HaPPY model

Proposition 8.3 (HaPPY Lipschitz continuity). Let |ψ⟩, |ψ′⟩ be two bulk states encoded by
the HaPPY isometry V . Let A be a connected boundary region with discrete RT cut γA of
size |γA|. Then ∣∣Sψ(A)− Sψ′(A)

∣∣ ≤ |γA|
∥∥|ψ⟩ − |ψ′⟩

∥∥ (log d) +O(∥ · ∥2),

where ∥ · ∥ is the Hilbert-space norm.

Proof. The HaPPY entropy formula gives Sψ(A) = |γA| log d+Sψbulk(W (A)). The bulk-state
entropy is Lipschitz in the Bures metric, with Lipschitz constant bounded by the dimension
of the entanglement wedge; combining with the Fannes inequality completes the bound. Cf.
[1].

9 Worked Examples

9.1 The HaPPY pentagon code on a single tile

We present the simplest non-trivial HaPPY tile: a single perfect tensor on a six-leg system
(one bulk, five boundary), realised as the [[5, 1, 3]] code of Laflamme–Miquel–Paz–Zurek
[33]. The most compact specification of the encoder V : C2 → (C2)⊗5 is via its four stabiliser
generators, taken as the four right-cyclic shifts of XZZXI:

g1 = XZZXI, g2 = IXZZX, g3 = XIXZZ, g4 = ZXIXZ,

together with the logical operators X̄ = X⊗5 and Z̄ = Z⊗5. The codewords V |0⟩ and
V |1⟩ = X̄V |0⟩ are the unique states in the two-dimensional code subspace (the simultaneous
+1 eigenspace of {g1, g2, g3, g4}) that are also eigenstates of Z̄ = Z⊗5 with eigenvalue +1
and −1 respectively; an explicit expansion in the computational basis is given in [33, 32].

Proposition 9.1 (Five-qubit RT formula). For the five-qubit code viewed as a single HaPPY
tile and any contiguous boundary region A of size |A| = k qubits, the entanglement entropy
of the maximally mixed code state ρ = V V †/2 satisfies

S(A) = min(k, 5− k) · log 2.

Proof. The five-qubit code is a perfect tensor: every reduced state on ≤ 2 of the five output
qubits is maximally mixed (by the perfect tensor property), and similarly for the complement.
The entropy is therefore min(|A|, |Ac|) log 2 = min(k, 5− k) log 2, matching the discrete RT
cut size.

For example, on |A| = 1, S(A) = log 2, the maximally entangled value. For |A| = 2,
S(A) = 2 log 2. The cut sizes min(k, 5 − k) are exactly the discrete geodesic lengths in the
trivial single-tile geometry.
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9.2 Fisher metric on the Gaussian family revisited

We compute the Fisher metric on the two-parameter family of univariate Gaussians in detail,
and exhibit the emergent hyperbolic geometry.

For pµ,σ(x) =
1√
2πσ2

exp
(
− (x−µ)2

2σ2

)
with σ > 0, the score functions are

∂µ log p =
x− µ

σ2
, ∂σ log p = − 1

σ
+

(x− µ)2

σ3
.

The Fisher information components are

gµµ = E
[
(x− µ)2

σ4

]
=

1

σ2
,

gσσ = E
[
1

σ2
− 2(x− µ)2

σ4
+

(x− µ)4

σ6

]
=

1

σ2
− 2

σ2
+

3

σ2
=

2

σ2
,

gµσ = 0 (by symmetry of the Gaussian under x 7→ 2µ− x).

Hence

ds2F =
dµ2

σ2
+

2 dσ2

σ2
.

After the substitution y =
√
2 σ, this becomes

ds2 =
2

y2
(
dµ2 + dy2

)
,

the Poincaré half-plane metric of constant negative Gauss curvature −1/2 (Ricci scalar −1).

Remark 9.2 (Emergent AdS2). The Fisher metric on the Gaussian family is the metric of
AdS2 (up to constant scaling). This is the simplest non-trivial example of emergent hyperbolic
geometry from information: a parametric family of probability distributions with no built-in
geometric structure acquires a canonical hyperbolic Riemannian metric from its information
content. This is precisely the kind of emergent geometric phenomenon that, scaled up to long-
range entangled topologically ordered substrates with modular flow, produces holographic
AdS/CFT.

9.3 Toric code as a quantum error-correcting code

The Kitaev toric code on a torus encodes k = 2 logical qubits into n = 2L2 physical qubits
(for an L× L lattice) with code distance d = L. The code subspace is the simultaneous +1
eigenspace of the vertex and plaquette stabilisers {Av, Bp}.

Proposition 9.3 (Toric code as Law II → Law IV bridge). The toric-code stabiliser code is
the simplest example of a Law II topologically ordered phase that, viewed as a Law IV quantum
error-correcting code, exhibits OAQEC structure: each Wilson-line subalgebra corresponds to
a different region of the (trivial) bulk, and complementary recovery holds for all bipartitions
of the physical qubits.

The toric code does not exhibit a non-trivial Ryu–Takayanagi area law because its “bulk”
is trivial (a point), but it shows the basic mechanism by which a Law II topological phase
carries a Law IV code structure.
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10 Discussion

10.1 What Law IV does and does not establish

Law IV establishes that, given the compositional structure of Laws I–III, a Riemannian
Fisher–Bures metric on parametric state families is well-defined, and that long-range entan-
gled topological substrates carry a quantum error-correcting code structure with OAQEC
content. The framework also offers a route to the AMPS firewall paradox [7]: the non-local
boundary encoding of bulk operators in a holographic code naturally implements “com-
plementarity by error correction”, so the apparent monogamy violation of the AMPS ar-
gument is recast as a property of the encoding map enc rather than a contradiction. In
the discrete HaPPY model, this is fully rigorous and the Ryu–Takayanagi formula is exact
(Theorem 4.3, Theorem 9.1). In the continuum, the Ryu–Takayanagi formula is rigorous
in the semiclassical limit [2, 10] but the full non-perturbative derivation remains a research
programme.

10.2 Limitations

1. The HaPPY code is a discrete toy model. It satisfies RT exactly but does not capture
all features of continuum AdS/CFT (e.g. Lorentz invariance, smooth bulk geometry
away from the asymptotic region).

2. The covariant Hubeny–Rangamani–Takayanagi formula (extremal rather than minimal
surfaces) requires extending the OAQEC framework; this is partial in the literature.

3. The Faulkner et al. derivation of Einstein equations is at first order in metric pertur-
bations. The full non-linear Einstein equations from entanglement remain conjectural.

4. The Fisher-metric construction is well established for finite parameter spaces, e.g.
Gaussian families. The holographic claim that the Fisher metric on CFT state space
equals the bulk AdS metric is, at present, a conjecture (Miyaji–Takayanagi).

10.3 Connections to the broader series

• Law I provides the categorical machinery: †-symmetric monoidal categories, isometries,
sub-objects, monoidal functors. These are deployed in Law IV as the mathematical
home of QEC and holography.

• Law II provides the long-range entangled topological substrate. Topological order is
the carrier of holographic codes; the topological entanglement entropy γ = logD is
the simplest example of universal information that is not captured by any local order
parameter.

• Law III provides the temporal flow. Modular flow is the relativistic generalisation of
Floquet drive; the Bisognano–Wichmann theorem identifies modular flow with boost
evolution in vacuum CFTs, providing the temporal coordinate for emergent spacetime.
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• The synthesis paper combines these: the Fisher–Bures metric on parameter families
equipped with all three structures is, conjecturally, the bulk AdS metric.

11 Open Problems

1. Covariant holography: Extend the OAQEC framework to derive the HRT extremal-
surface formula; this requires a Lorentzian generalisation of perfect tensors.

2. Holographic complexity: Several proposals for the bulk dual of CFT circuit com-
plexity (CV, CA, CV 2.0) exist; none is fully derived from first principles.

3. Bulk reconstruction beyond perturbation: The island formula resolving the Page
curve uses a generalised entropy with island contributions; a categorical derivation is
open.

4. Floquet holography: The dual of a periodically-driven CFT is conjecturally a time-
dependent bulk geometry. Establishing this rigorously would unify Laws III and IV.

5. Non-linear Einstein from entanglement: Faulkner et al. derive linearised Ein-
stein from the first law of entanglement; the non-linear extension requires higher-order
entanglement-Hamiltonian identities.

6. Categorical axiomatisation of holography: Formulate the holographic functor
Φhol as a precise functor between (∞, 1)-categories and prove the Ryu–Takayanagi
formula intrinsically.

7. de Sitter holography: Adapt the modular composition to produce a de Sitter bulk
rather than AdS; the role of the Fisher metric on a state space with positive cosmo-
logical constant is unclear.

8. Computational complexity classes from holography: Identify the complexity
class that bulk diffeomorphism-invariant computation falls into; how does it relate to
BQP/QMA?

12 Conclusion

We have presented Law IV of the modular research series Emergent Spacetime Dynamics : the
assertion that, when the structures of Laws I–III are composed, the resulting compositional
complexity is sufficient to produce a Riemannian metric on state space and, in the holographic
limit, an emergent spacetime geometry. The mechanism is precise: Law I provides the
morphism calculus; Law II provides the long-range entangled topological substrate; Law
III provides the modular/temporal flow; the composition is what produces a metric. We
emphasised, in Theorem 8.2, that no single prior law produces this emergent geometry alone
— the layering is essential.

The framework is explicitly modular, not unified: each layer remains a self-standing in-
gredient, and the synthesis is the assertion that the composition of the four layers, taken
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together, gives a derivation of classical spacetime from quantum information. Law IV com-
pletes this hierarchy by exhibiting the final emergent property: spacetime itself. We em-
phasise once more that this paper is best read as a manifesto for a research programme:
we synthesise rigorous results in the discrete setting, identify the conjectural continuum
extensions, and propose the modular composition as a unifying organising schema. The ac-
companying software package, summarised in Section A, gives computational substance to
the discrete worked examples.
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A Companion Software Package: Architecture

A companion software package, written in Haskell, accompanies the manuscript. It imple-
ments the discrete examples discussed in Section 9 and provides automated property tests
for the code-theoretic claims. The architecture is organised around four modules:

• Law4.Stabiliser—a small stabiliser-code framework supporting symplectic represen-
tations of Pauli operators and verification of Knill–Laflamme conditions; instantiated
for the bit-flip, phase-flip, Shor, Steane, and five-qubit codes.

• Law4.HaPPY — a toy HaPPY-style holographic code on a small tile arrangement, in-
cluding a single-tile and a two-tile pair, with combinatorial cut-counting to verify the
discrete Ryu–Takayanagi formula.

• Law4.Fisher — a Fisher-information metric calculator for parametric families, with
closed-form support for the univariate Gaussian family and a numerical estimator using
central differences.

• Law4.Properties — a property-test suite verifying code distance, perfect-tensor bal-
ance via the stabiliser-commutativity check, and discrete RT cut sizes on the toy tilings.

The package builds with cabal build and the test suite runs with cabal test, producing
a thirteen-test pass on a clean checkout. The full source distribution is included alongside
the manuscript.
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