
Gr
ok

Rx
iv

•
Em

er
ge

nt
Sp

ac
et

im
e

D
yn

am
ics

•
La

w
II

/
IV

•
M

ag
ne

to
nI

O
Re

se
ar

ch
•

Ap
ril

30
,2

02
6

Law II — Phase-bound Matter:
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Abstract

We present the second installment of the modular research series Emergent Space-
time Dynamics. Building strictly modularly on the categorical primitives established in
Law I — the matter–information functor M : Phys → Info, the symmetric monoidal
structure of physical composition, and the sheaf semantics of local observables — we
classify phases of matter as functorial equivalence classes. We first formalise the Lan-
dau paradigm as the connected-component invariant π0([BG, Ham0]eq), where Ham0
is the groupoid of gapped local Hamiltonians under gap-preserving adiabatic equiv-
alence and the superscript “eq” restricts to the on-site G-action. We then gener-
alise beyond Landau by showing that topological order in (2+1)D corresponds to
unitary modular tensor categories (MTCs), arising as Drinfeld centers Z(C) of uni-
tary fusion categories. Symmetry-protected topological (SPT) phases are classified
by group cohomology Hd+1(G, U(1)), identified with the homotopy classes of pointed
maps [BG, Bd+1U(1)]. The topological entanglement entropy γ = log D is constructed
as the value of an entanglement-entropy functor on a connected disk; we show it is in-
variant under the equivalence relation of finite-depth local circuits. We provide worked
computations for the toric code, the SSH chain, and the Levin–Wen string-net model,
and we expose the precise composition hooks that Law III will consume in order to
lift these classifications to the periodically driven setting. This paper is part of an
explicitly modular framework: each law is a self-standing mathematical layer that
composes functorially onto the prior laws, producing emergent properties at each level
of composition. We do not claim a unified theory.
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1 Introduction

1.1 Position in the modular series
This paper is Paper II of four in the modular research series Emergent Spacetime Dynamics.
The series is organised as a sequence of categorical layers, each composing on the previous
via an explicit functorial lifting:

Law I LiftI→II−−−−−→ Law II LiftII→III−−−−−→ Law III LiftIII→IV−−−−−−→ Law IV.

Law I (Mathematical Formalisms, MagnetonIO Research) established the categorical gram-
mar that all subsequent laws share: symmetric monoidal categories, dagger-compact closed
categories for quantum systems, sheaves and topoi for local observables, operads and fac-
torisation algebras for QFT-style composition, the matter–information functor M : Phys →
Info, and a type-theoretic encoding of these structures. The present Paper II uses these
primitives to classify phases of matter — both thermodynamic and topological — as func-
torial equivalence classes. We work entirely in the language of Law I.

We emphasise that the framework is modular, not unified. Each law contributes one self-
standing mathematical layer; emergent properties at each layer arise from the composition
of layers, not from any single overarching theory.

1.2 One-page recap of Law I
For convenience we collect the Law I primitives we will need, fixing notation and references
for the remainder of the paper.

(L1.1) Symmetric monoidal category
A symmetric monoidal category (C,⊗, I, α, λ, ρ, σ) consists of a category C, a tensor

3
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functor ⊗ : C × C → C, a unit object I, and natural isomorphisms (associator α, unitors
λ, ρ, symmetry σ) satisfying Mac Lane’s pentagon and triangle axioms together with the
symmetry hexagons. Mac Lane’s coherence theorem guarantees that all rebracketings
commute, so diagrams of structural isomorphisms can be elided in calculations.

(L1.2) Dagger-compact closed structure
A †-category is a category equipped with an involutive contravariant identity- on-objects
functor † : Cop → C. A †-compact closed category additionally has duals A 7→ A∗ with
unit ηA : I → A∗ ⊗ A and counit εA : A ⊗ A∗ → I. The category FHilb of finite-
dimensional Hilbert spaces with linear maps is the canonical example. Traces, partial
traces and the Born rule arise from (η, ε).

(L1.3) Matter–information functor
Law I posits a symmetric monoidal functor M : Phys → Info from a category of
physical systems to a category of information-theoretic structures (sets of states, density
matrices, classical channels, quantum channels). Whenever a physical category has a
composition (tensor product), M preserves it. Concretely, the prototypical instance of
M sends a quantum system with Hilbert space H ∈ FHilb to its space of density matrices
M(H) = {ρ ∈ End(H) : ρ ≥ 0, Trρ = 1}, regarded as the object of statistical states; on
morphisms (unitary or completely positive maps) M acts by push-forward. We use M
in the present paper to translate “Hilbert space of microstates” (an object of Phys) into
“probability simplex of accessible macrostates” (an object of Info).

(L1.4) Sheaf semantics of local observables
Law I formalises local observables as a sheaf O : Open(X)op → Alg assigning algebras
of operators to open regions. We use this to formulate locality conditions for order
parameters and entanglement-entropy regions in this paper.

(L1.5) Functorial semantics
Following Lawvere, Law I treats algebraic theories as monoidal categories whose product-
preserving functors into a base category are models. We instantiate this in section 3 by
viewing a Landau theory as a functor BG → Ham.

When we cite “(L1.k)” below we are using the Law I primitive of the same number.

1.3 Outline
The paper is organised as follows. In section 2 we define the category Ham of gapped
Hamiltonians on a fixed lattice and introduce the equivalence relation of gap-preserving
adiabatic deformation; phases are equivalence classes (i.e. connected components of Ham).
We then define the functor pullback that classifies phases under symmetry. In section 3
we recover Landau’s order-parameter paradigm in this language. In section 4 we treat
SPT phases via group cohomology and identify the classifying functor with a generalised
cohomology functor. Section 5 sets up unitary modular tensor categories as the data of a
(2+1)D topological phase, with Kitaev’s quantum double and the Levin–Wen construction
as worked examples. Section 6 defines an entanglement-entropy functor and proves the
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Kitaev–Preskill formula for γ = log D in our setting. Section 8 works through three canonical
examples: the toric code, the SSH chain, and the Fibonacci Levin–Wen model. Section 9
states the precise composition hooks Law III will consume. Section 12 lists open problems,
and section 13 concludes.

2 Mathematical Framework: Phases as Equivalence
Classes under Functor Pullback

2.1 The category of gapped Hamiltonians
Fix a (regular, finite or countable) lattice Λ and a finite-dimensional on-site Hilbert space h.
Following Law I (L1.2), the total Hilbert space is the infinite tensor product (or a thermo-
dynamic limit thereof) HΛ = ⊗

x∈Λ h, an object of (a suitable completion of) FHilb.

Definition 2.1 (Local Hamiltonian). A local Hamiltonian on Λ is a sum

H =
∑
X⊂Λ

hX , hX ∈ End(HX),

where each hX is supported on a finite region X ⊂ Λ with diameter bounded by a fixed
range r, and the operator norm of hX is uniformly bounded.

Definition 2.2 (Gap). A local Hamiltonian H is gapped with gap ∆ > 0 if its spectrum
on HΛ has a single (possibly degenerate) ground subspace separated from the rest of the
spectrum by at least ∆, uniformly as |Λ| → ∞.

Definition 2.3 (Category Ham). The category Ham = Ham(Λ, h) has:

• objects: gapped local Hamiltonians on Λ;

• morphismsH0 → H1: gap-preserving piecewise-smooth paths {Hs}s∈[0,1] of local Hamil-
tonians with Hs=0 = H0, Hs=1 = H1, and infs ∆(Hs) > 0;

• composition: concatenation of paths;

• identity: the constant path.

By construction Ham is a groupoid (every path is reversible), and morphisms are ho-
motopic iff they are connected through a homotopy of gap-preserving paths. We will write
π0(Ham) for the set of connected components.
Remark 2.4. Ham is symmetric monoidal: the tensor product H ⊠H ′ of two Hamiltonians
on disjoint lattices is again a gapped local Hamiltonian on the union lattice; gap-preserving
paths tensor componentwise. This is the direct image under the matter–information functor
M (L1.3) of the symmetric monoidal structure on Phys.

5
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2.2 Phases as functorial equivalence classes
Definition 2.5 (Phase). A phase of matter (in the present setting) is a connected component
of Ham:

Phase = π0(Ham).
Two Hamiltonians belong to the same phase iff they are connected by a gap-preserving
adiabatic path.
Remark 2.6. Three points deserve emphasis. (i) Phase is a set, not a category — the phase
classification forgets the choice of path. (ii) The thermodynamic limit |Λ| → ∞ is essential:
at finite volume every two Hamiltonians can be connected by some path, but the gap typically
closes uniformly only on a measure-zero subset. (iii) The lattice Λ and on-site Hilbert space
h are part of the data; phases are defined relative to a microscopic site structure.
Definition 2.7 (Symmetry action). Let G be a group acting on h by a unitary representation
ρ : G → U(h). The induced on-site action on HΛ is Ug = ⊗

x∈Λ ρ(g). We say H ∈ Ham is
G-symmetric if [Ug, H] = 0 for all g ∈ G.
Definition 2.8 (Category HamG). The category HamG has G-symmetric Hamiltonians as
objects, and gap-preserving paths {Hs} through G-symmetric Hamiltonians as morphisms.

The forgetful functor U : HamG → Ham remembers only the underlying Hamiltonian
without its G-equivariance. The induced map on connected components U∗ : π0(HamG) →
π0(Ham) is in general neither injective nor surjective: phases that are distinct under G-
symmetry can become equivalent when the symmetry is forgotten (this is precisely the SPT
phenomenon, section 4).

2.3 The classifying space of G as a one-object category
For a group G, write BG for the one-object groupoid with morphism set G and composition
given by group multiplication. A functor BG → D for any category D picks out an object
D and a homomorphism G → AutD(D).
Proposition 2.9 (Symmetric Hamiltonians as BG-functors). Let Ham0 denote the homo-
topy 1-category of Ham: its objects are gapped local Hamiltonians on (Λ, h), and its mor-
phisms are homotopy classes of gap-preserving paths. Explicitly, HomHam0(H,H ′) is the set
of path-homotopy classes [{Hs}s∈[0,1]] where Hs=0 = H, Hs=1 = H ′, and infs ∆(Hs) > 0,
under the equivalence relation that two paths are identified iff they are homotopic through
gap-preserving paths fixing endpoints. Composition is concatenation of paths. With this defi-
nition HomHam0(H,H) is a group (the fundamental group of the gapped locus at the basepoint
H). Note that Ham0 = π≤1(Ham) is the 1-truncation of the full ∞-groupoid Ham; we will
not need higher homotopy in this paper. Let [BG,Ham0]eq denote the full subcategory of the
functor category [BG,Ham0] consisting of those functors F for which the induced homomor-
phism G → AutHam0(F (∗)) factors through the homomorphism ρad : G → AutHam0(F (∗))
given by adjoint action ρad(g) = AdUg where AdUg(H) = UgHU

†
g . (For G-symmetric Hamil-

tonians this adjoint action is the identity loop; the data of the functor is precisely a recording
of which on-site action Ug is being used.) Then

HamG ≃ [BG,Ham0]eq,

6
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as groupoids.
Proof. We construct mutually inverse functors and check that they are equivalences.

Functor Φ : HamG → [BG,Ham0]eq. Given a G-symmetric Hamiltonian H (so [Ug, H] =
0 for all g ∈ G), define a functor FH : BG → Ham0 by setting FH(∗) = H and, for each
g ∈ G, FH(g) := [AdUg ] ∈ AutHam0(H), the homotopy class of the loop s 7→ Ug(s)HU

†
g(s)

where g(s) is any path in U(h) from ⊮ to the on-site representative Ug. Two observations
make this well-defined and functorial. (a) Because [Ug, H] = 0 we have UgHU †

g = H on the
nose, so the endpoint of the loop coincides with the basepoint H. (b) The on-site action gives
a group homomorphism G → U(h)⊗Λ, so AdUgh

= AdUg ◦ AdUh
as automorphisms of Ham0;

hence the assignment g 7→ [AdUg ] is a homomorphism G → AutHam0(H), factoring through
ρad as required. This is the precise meaning of “factoring through ρad.” On morphisms (gap-
preserving G-symmetric paths {Hs}), Φ sends {Hs} to the natural transformation Φ({Hs}) :
FH0 ⇒ FH1 whose single component at ∗ is the homotopy class of the path itself. Naturality
means the square

H0 H0

H1 H1

[AdUg ]

{Hs} {Hs}
[AdUg ]

commutes in Ham0 for every g ∈ G. This is exactly the condition that {Hs} is a G-
symmetric path, since both compositions equal the path {Hs} itself — the top and bottom
horizontal arrows are constant loops at the respective endpoints because each Hs commutes
with Ug.

Functor Ψ : [BG,Ham0]eq → HamG. Given F ∈ [BG,Ham0]eq, set Ψ(F ) = F (∗). By
hypothesis F (g) = [AdUg ] in AutHam0(F (∗)), i.e. the homotopy class of the adjoint loop
Hs = Ug(s)F (∗)U †

g(s) for some choice of representative path. Since this loop is the constant
loop in the homotopy category Ham0, we have AdUg(F (∗)) = UgF (∗)U †

g gap-equivalent to
F (∗) for all g ∈ G. Combined with strict equality at the identity element g = e, the cocycle
condition gives UgF (∗)U †

g = F (∗), i.e. [Ug, F (∗)] = 0, so F (∗) ∈ HamG. On a natural
transformation F ⇒ F ′, Ψ takes its component at ∗.

Inverse equivalence. Ψ ◦ Φ = idHamG
on the nose. For Φ ◦ Ψ, given F , the composite

functor FF (∗) has the same object value F (∗) and the same morphism values up to the
on-site identification; the natural isomorphism F ∼= FF (∗) has identity component at ∗, so
the two functors are equal up to canonical isomorphism. This yields a natural equivalence
Φ ◦ Ψ ∼= id.

Remark 2.10. The condition that the homomorphism G → AutHam0(F (∗)) factor through
the on-site subgroup is essential. Concretely, the on-site subgroup of AutHam0(H) is the
image of ρad : G → AutHam0(H), which by definition consists of those automorphisms of
H realised by adjoint action of unitaries of the form ⊗

x∈Λ ρ(g) (with ρ : G → U(h) a fixed
on-site representation). An arbitrary functor BG → Ham0 would encode an arbitrary —
not necessarily on-site — G-action on the Hamiltonian, and such functors classify projective
representations and anomalies, which we treat in section 4 via group cohomology.
Remark 2.11. Theorem 2.9 is the formal mechanism by which Law I’s functorial semantics
(L1.5) classifies phases. The Landau paradigm is the special case where the target is the

7
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category of Hamiltonians built from a fixed local order-parameter degree of freedom; topo-
logical phases correspond to functors landing on Hamiltonians whose ground states are not
products in any local basis.

2.4 Phases under symmetry as functor pullbacks
Definition 2.12 (Symmetric phase). A G-symmetric phase is an element of π0(HamG).

The map U∗ : π0(HamG) → π0(Ham) has a kernel and cokernel that encode, respectively,
SPT phases (kernel) and spontaneous symmetry breaking (cokernel). This is one of the two
main classification tools we use; the other is the assignment of algebraic invariants to ground
states (modular data of an MTC, group-cohomology classes, etc.) which we develop in
subsequent sections.
Theorem 2.13 (Phase-classification exact sequence). Let π0(HamG)SRE ⊆ π0(HamG) de-
note the short-range entangled G-symmetric phases, i.e. those phases whose ground state
can be transformed into a product state by a finite-depth local quantum circuit that need
not preserve G. Let π0(Ham)SRE be the corresponding set of (non-symmetric) SRE phases;
this set has a single element, the trivial phase ∗, by Chen–Gu–Wen [5]. The forgetful map
U∗ : π0(HamG) → π0(Ham) restricts to USRE

∗ : π0(HamG)SRE → π0(Ham)SRE = {∗},
and the fibre (USRE

∗ )−1(∗) is exactly the set of SPT phases SPTd(G) defined in theorem 4.1.
Concretely we have a sequence of pointed sets

SPTd(G) ↪−→ π0(HamG)SRE USRE
∗−−−→ π0(Ham)SRE = {∗},

which is exact in the sense that the kernel of USRE
∗ (the preimage of the basepoint ∗) is

exactly the image of the inclusion. Adding spontaneously symmetry-broken phases extends
the sequence: the cokernel of the inclusion SPTd(G) ↪→ π0(HamG)SRE classifies SSB patterns
by subgroups H ⊆ G.
Proof. Restriction to SRE phases is well-defined because the property of being SRE is pre-
served by gap-preserving deformations [5]. By definition of SRE, every SRE phase becomes
the trivial phase upon forgetting symmetry, so USRE

∗ lands in {∗}.
The inclusion SPTd(G) ↪→ π0(HamG)SRE is by definition (theorem 4.1). Surjectivity

onto the kernel: any [H] ∈ π0(HamG)SRE with U∗[H] = ∗ has, upon forgetting symmetry,
a representative connected to a product state by a (non-symmetric) finite-depth circuit. By
definition this is an SPT phase. Conversely, any SPT phase has SRE ground state (no
anyons) and is in the kernel of U∗ by construction.

For SSB patterns, take [H] ∈ π0(HamG) whose ground state is a G-symmetric superpo-
sition of states each individually invariant only under a subgroup H ⊆ G. Modding out by
SRE phases identifies [H] with the data of the unbroken subgroup H; this is the standard
Goldstone classification [11].

Remark 2.14. This theorem is best regarded as exhibiting an exact sequence of pointed sets
in the homotopy category of phase classifications; we have not asserted higher homotopical
content. A topos-theoretic refinement, in which one carries the full groupoid structure of
HamG rather than just π0, gives an analogous fibre sequence at the level of ∞-groupoids
and is the natural setting for higher-dimensional generalisations. We do not pursue this here.

8



Gr
ok

Rx
iv

•
Em

er
ge

nt
Sp

ac
et

im
e

D
yn

am
ics

•
La

w
II

/
IV

•
M

ag
ne

to
nI

O
Re

se
ar

ch
•

Ap
ril

30
,2

02
6

3 Landau Theory in Categorical Form
Before passing to topological phases we recover the Landau paradigm in the categorical
language of section 2. This serves three purposes: it shows the present framework is at
least as expressive as classical phase theory; it fixes notation that the topological theory
generalises; and it isolates the precise feature of Landau theory — representability of an
order parameter by a local section — that topological order violates.

3.1 Order parameters as local sections
Definition 3.1 (Order parameter representation). Let G act on h. An order-parameter
representation is a finite-dimensional unitary representation V of G together with a G-
equivariant local map Φx : End(h) → V for each site x ∈ Λ, all related by translation.

In a state ω on HΛ, the order parameter is ⟨Φx⟩ω = ω(Φx) ∈ V .
Definition 3.2 (Landau functor). The Landau functor of a G-symmetric Hamiltonian H is

LH : BG → Vect, LH(∗) = V, LH(g) = ρV (g),

where V is the order-parameter representation and the assigned map records the action of
G on the expectation ⟨Φx⟩ in the ground state.
Proposition 3.3 (Landau classification, functorial form). Two G-symmetric Hamiltonians
H0, H1 are in the same Landau phase iff their Landau functors LH0 and LH1 are naturally
isomorphic as functors BG → Vect. Equivalently, two Hamiltonians are in the same Landau
phase iff their order-parameter expectations lie on the same G-orbit (up to V -isomorphism).
Proof. A natural isomorphism η : LH0 ⇒ LH1 is aG-intertwiner between the order-parameter
representations. Existence of such an intertwiner is exactly the condition that the order
parameters lie on the same G-orbit, which by Goldstone’s theorem and standard Landau
analysis is equivalent to lying in the same gap-preserving phase [11, 12].

Remark 3.4. The Ginzburg–Landau free energy f [φ] = a(T )|φ|2 + b|φ|4 + c|∇φ|2 + · · · is
recovered as the action of LH on a generating loop in BG, weighted by the relevant invariant
polynomials in V .

3.2 Landau is not enough
The Landau classification is precisely the data (V, ⟨Φ⟩ up to orbit). Two limitations are
immediate.

(i) It is local: it sees only the value of an on-site (or short-range) functional.

(ii) It is symmetry-breaking-centric: it distinguishes phases via the residual subgroup H ⊆
G stabilising ⟨Φ⟩.

A topological phase is, by definition, one where ⟨Φ⟩ ≡ 0 for every local Φ and yet the
ground subspace has structure (degeneracy, anyonic excitations, non-trivial entanglement)
detectable only nonlocally. The Landau functor of a topological phase is trivial; we need a
richer invariant.

9
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4 Symmetry-Protected Topological Phases via Group
Cohomology

4.1 SPT phases as the SSB-trivial subset
Definition 4.1 (SPT phase). A symmetry-protected topological (SPT) phase of G-symmetric
Hamiltonians is an element of kerU∗ ⊆ π0(HamG): a G-symmetric phase that becomes
trivial upon forgetting G-symmetry, but is nontrivial as a G-symmetric phase.

4.2 Group cohomology
For a group G and a G-module M , the standard bar complex computes group cohomology.
The cochain in degree n is the abelian group Cn(G,M) = {f : Gn → M}, with differential

(δf)(g1, . . . , gn+1) = g1 · f(g2, . . . , gn+1)

−
n∑
i=1

(−1)i−1f(g1, . . . , gigi+1, . . . , gn+1)

+ (−1)nf(g1, . . . , gn).

We write Zn = ker δ, Bn = im δ, and Hn(G,M) = Zn/Bn. We work with M = U(1)
throughout, with the trivial action.

4.3 The Chen–Gu–Liu–Wen classification
Theorem 4.2 (Chen–Gu–Liu–Wen [5]). Let G be a finite group acting on-site, and let
d ≥ 1. The set of bosonic SPT phases on Λ = Zd with on-site G-symmetry is in bijection
with Hd+1(G,U(1)).

The bijection is constructive: given a cocycle ω ∈ Zd+1(G,U(1)), one builds a fixed-point
Hamiltonian whose ground state is a sum of group elements weighted by ω on simplices of a
triangulation. We will not reproduce the full construction here; see [5]. The key categorical
content for us is:

Proposition 4.3 (SPT classification as a functor). There is a functor

SPTd : Grp → Ab, G 7→ Hd+1(G,U(1)),

and the assignment H 7→ [ωH ] refines the phase classification map

π0(HamG) → Hd+1(G,U(1))

on the SPT subset.

Proof. Hd+1(−, U(1)) is functorial in G via pullback along group homomorphisms; the map
on phases is induced by restriction of the symmetry action.

10
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Example 4.4 (Haldane phase). For G = SO(3) and d = 1 (1D spin chain), one has

H2(SO(3), U(1)) ∼= Z2

[5]. Here SO(3) is the rotational symmetry of an isotropic Heisenberg spin-1 chain, e.g. the
AKLT chain

HAKLT =
∑
i

[
S⃗i · S⃗i+1 + 1

3(S⃗i · S⃗i+1)2
]
. (1)

Each site carries the spin-1 representation, and on-site SO(3) acts diagonally on the chain.
The non-trivial element of H2(SO(3), U(1)) corresponds to the AKLT/Haldane phase. Con-
cretely, the relevant 2-cocycle is the projective representation class of SO(3) on the boundary
spin-1

2 degree of freedom that emerges at each end of an open AKLT chain.

Example 4.5 (1D fermionic SPT). The Kitaev chain (1D class D superconductor) is clas-
sified by H2(Zf2 , U(1)) ∼= Z2 in the bosonic-shadow framework, but the full fermionic clas-
sification uses spin cobordism rather than group cohomology [15]. We mention this only to
flag that the classification Hd+1(G,U(1)) is the bosonic answer; fermionic systems require
an upgrade to generalised cohomology, which is the open-problem item in section 12.

4.4 The classifying-space picture
The cohomology group Hn(G,U(1)) is the set of homotopy classes of pointed maps

Hn(G,U(1)) ∼= [BG,BnU(1)],

where BnU(1) = K(U(1), n) is the Eilenberg–MacLane space. We will use this identification
in section 9 to formulate the lifting to Floquet phases: Law III replaces BG with BG×BS1

(adding the discrete time-translation group), and the relevant cohomology becomes H∗(BG×
BS1, U(1)), which by Künneth decomposes in a manner that exposes Floquet-specific phases.

5 Modular Tensor Categories and Topological Order
We now leave the Landau and SPT regimes and treat the most informationally rich phases:
those with topological order.

5.1 Unitary fusion categories
Definition 5.1 (Unitary fusion category (UFC)). A UFC C is a C-linear semisimple monoidal
†-category with finitely many isomorphism classes of simple objects {Xi}i∈I , a simple unit
object 1 = X0, dual objects X∗

i , and unitary associators (F-matrices) satisfying the Mac Lane
pentagon and unitarity.

We write Nk
ij ∈ Z≥0 for the fusion multiplicity: Xi ⊗Xj

∼=
⊕

kN
k
ijXk.

11
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5.2 Modular tensor categories
Definition 5.2 (MTC). A modular tensor category is a UFC C equipped with a unitary
braiding βX,Y : X ⊗ Y → Y ⊗ X and a ribbon twist θX : X → X such that the modular
S-matrix

Sij = 1
D

Tr(βXj ,Xi
◦ βXi,Xj

), D =
√∑

i

d2
i ,

is non-degenerate, where di is the quantum dimension of Xi.

Remark 5.3. The non-degeneracy of S is the modular condition. By a theorem of Müger
[16], S is non-degenerate iff the Müger center of C is trivial.

5.3 Topological order as MTC data
Theorem 5.4 (Wen, Levin–Wen, Kitaev: topological order is MTC data). Every (2+1)D
topologically ordered gapped phase admits, as ground-state algebraic data, a unitary modular
tensor category C such that:

(1) Simple objects of C are anyon types.

(2) Fusion rules are Xi ⊗Xj
∼=

⊕
kN

k
ijXk.

(3) Braiding statistics are encoded in β and θ.

(4) Ground-state degeneracy on a genus-g surface is GSD(g) = ∑
i∈I d

2(g−1)
i (Verlinde for-

mula [13]). At g = 1 this gives GSD(1) = |I| (number of simple objects, i.e. anyon
types), valid for abelian and non-abelian theories. At higher genus the formula involves
the quantum dimensions di explicitly.

Conversely, the Levin–Wen string-net construction [6] produces, from a unitary fusion cate-
gory C0, a (2+1)D commuting-projector lattice Hamiltonian whose anyon MTC is the Drin-
feld center Z(C0).

5.4 Kitaev’s quantum double and the toric code
For a finite group G, the quantum double Hopf algebra is D(G) = Fun(G) ⋊ C[G]. Its
representation category Rep(D(G)) is a UMTC.

Example 5.5 (Toric code, on-site unitary Z2). Here G = Z2 is the on-site unitary Z2 sym-
metry (“Z2 gauge” of the underlying lattice qubit; not a time-reversal or charge symmetry).
The category Rep(D(Z2)) has four simple objects: 1, e, m, ε = em, with fusion rules
e ⊗ e = m ⊗ m = ε ⊗ ε = 1, e ⊗ m = ε, etc. All quantum dimensions are 1, so D = 2 and
γ = log 2. The braiding of e around m is −1 (mutual semions), and ε has topological spin
θε = −1 (a fermion).

The Kitaev Hamiltonian on the square lattice (qubit on each edge):

HTC = −
∑
v

Av −
∑
p

Bp, Av =
∏
e∋v

σxe , Bp =
∏
e∈∂p

σze , (2)

12
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realises a representative of the toric-code phase. All terms commute, and the ground space
on a torus is four-dimensional, encoding the [[n, 2, n1/2]] stabiliser code that plays a central
role in fault-tolerant quantum computation [1].

5.5 Levin–Wen string-nets and Drinfeld centers
Theorem 5.6 (Levin–Wen [6]). Given a UFC C0 with simple objects {ai}, F -symbols F abc

def ,
and quantum dimensions {di}, define a lattice Hamiltonian on the honeycomb whose edges
carry labels ai and whose plaquette terms project onto the string-net condensate. The result-
ing model is exactly solvable, has gapped ground states, and the modular tensor category of
its anyonic excitations is the Drinfeld center Z(C0).

Example 5.7 (Doubled Fibonacci). Let C0 = Fib be the Fibonacci fusion category (two
simple objects 1, τ with τ ⊗ τ = 1 ⊕ τ , golden-ratio quantum dimension dτ = ϕ). Then
Z(Fib) ∼= Fib⊠Fib. This is a non-abelian topological order capable of universal topological
quantum computation [13].

5.6 Compositional connection to Law I
The MTC structure is exactly the Law I primitive of a braided monoidal category with duals,
decorated by a non-degenerate S-matrix. The Drinfeld center Z : FusCat → MTC is a
functor on the Law I 2-category of fusion categories. We thus have:

Lifttop
I→II : UFCLaw I

Z−→ MTCLaw II
phase−−−−→ π0(Ham). (3)

This makes precise how the modular composition lifts Law I categorical data into Law II
phase data.

6 Entanglement Entropy as a Functor
Topological entanglement entropy provides the primary observable bridge between MTC
data and physical measurement. We formalise it as a functor in the spirit of Law I (L1.4).

6.1 Reduced density matrices and von Neumann entropy
For a state |ψ⟩ ∈ HΛ = HA ⊗ HB and a partition Λ = A ⊔ B, define ρA = TrB|ψ⟩⟨ψ| and
S(A) = −Tr(ρA log ρA).

6.2 The entanglement-entropy functor
Definition 6.1 (Region category RegΛ). The objects of RegΛ are open subsets A ⊆ Λ;
morphisms A → A′ are inclusions A ↪→ A′.

Definition 6.2 (Entanglement-entropy presheaf). For a fixed pure state |ψ⟩ ∈ HΛ, the
entanglement-entropy presheaf is the functor

Sψ : Regop
Λ → R≥0, A 7→ S(A) = −Tr(ρA log ρA),

13
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where the contravariance reflects that smaller regions sit inside larger ones, and the target
R≥0 is regarded as a poset (order-preserving morphisms only).

By Law I (L1.4), Sψ is a presheaf of (real, non-negative) numbers; it is emphatically not
a sheaf in general — the gluing condition fails because entanglement is a global quantity
that does not split additively under disjoint union.

6.3 The Kitaev–Preskill formula
Theorem 6.3 (Kitaev–Preskill, Levin–Wen [8]). Let |ψ⟩ be the ground state of a gapped,
(2+1)D topologically ordered Hamiltonian with anyon MTC C, and let A ⊂ Λ be a topologi-
cally trivial disk-shaped region with smooth boundary of length L. Then

S(A) = αL− γ +O(e−L/ξ), (4)

where α is a non-universal constant proportional to L, ξ is the correlation length, and

γ = log D, D =
√∑
i∈I

d2
i .

Proof idea. The Kitaev–Preskill construction uses the alternating sum SKP = −S(A1) −
S(A2) − S(A3) + S(A1 ∪ A2) + S(A2 ∪ A3) + S(A1 ∪ A3) − S(A1 ∪ A2 ∪ A3) for three re-
gions A1, A2, A3 meeting at a tri-junction. The boundary-length contributions cancel exactly,
leaving the topological constant SKP = −γ = − log D. Independently and contemporane-
ously, Levin and Wen [7] gave an alternative two-region construction extracting the same
topological constant γ.

Corollary 6.4 (γ is a phase invariant). γ is constant on each connected component of Ham
(i.e. on each phase), because gap-preserving paths cannot change the MTC.

Example 6.5 (Toric code TEE). For the toric code, D = 2 and γ = log 2, in agreement
with numerical [1] and analytical [8] results.

7 Renormalization Group as a Functor on Ham
We pause to make one further connection to Law I that will be needed by Laws III and IV:
the renormalization group (RG) acting on Ham.

7.1 Block-spin RG as a coarsening functor
Fix a block-size b ≥ 2 and group sites of Λ into blocks of bd sites in spatial dimension d.
Each block carries a Hilbert space h⊗bd of which we project onto a chosen subspace h′ ↪→
h⊗bd . The induced map on Hamiltonians is the action of the block-spin RG transformation
Rb : Ham(Λ, h) → Ham(Λ′, h′) where Λ′ is the rescaled lattice.

Proposition 7.1 (RG functoriality). For each b ≥ 2, Rb is a functor Ham → Ham.
Its action on morphisms is defined by intertwining gap-preserving paths through the block-
projector.

14
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Proof. We must check that gap-preserving paths {Hs} map to gap-preserving paths {RbHs}.
The block projector commutes with Hs at each s in the gapped fixed-point regime, so the gap
of RbHs is bounded below by the gap of Hs times the projector overlap, which is bounded
uniformly along the path [12]. Composition Rb ◦ Rb′ = Rbb′ holds by associativity of block
grouping.

7.2 Fixed points and phase representatives
Definition 7.2 (RG fixed point). H ∈ Ham is an RG fixed point (at scale b) if RbH = H
up to a gap-preserving deformation, i.e. [RbH] = [H] in π0(Ham).
Example 7.3. The toric code Hamiltonian eq. (2) is an exact RG fixed point: the block
projector for b = 2 on the toric code reproduces a toric code on the coarsened lattice.
Example 7.4. The Levin–Wen string-net Hamiltonian for any input UFC C0 is an exact
RG fixed point. This is one of the principal motivations for the construction.
Remark 7.5. The set of RG fixed points up to gap-preserving deformation is a complete (and
minimal) set of phase representatives: every phase contains at least one RG fixed point, and
two fixed points in the same phase are related by a deformation. This justifies the practice
of taking the toric code as the canonical representative of Z2 topological order.

7.3 Critical points and CFT
A non-fixed but RG-invariant point — a fixed point of the RG flow on the space of Hamil-
tonian densities — is a critical point. By the operator-product-expansion formalism [12],
critical points are described by conformal field theories (CFTs); the data of a CFT (central
charge, primary spectrum, OPE coefficients) is the algebraic content of the critical point.
We will not develop CFT here, but we note that critical points are not objects of Ham (they
are gapless), so they sit in the boundary ∂Ham of the gapped category. Phase boundaries
are exactly such critical points.

8 Worked Examples

8.1 Example 1: The toric code
We summarise the analysis of theorem 5.5 and eq. (2) in our language:

• Phase: A topologically ordered phase, distinct from any Landau phase.

• MTC : Rep(D(Z2)) with simple objects {1, e,m, ε}, all quantum dimensions 1, D = 2.

• Functorial picture: The functor BG → Ham for G = Z2 (the fermion-parity symme-
try) lands on HTC; the topological invariant is the isomorphism class of the resulting
MTC, not the order parameter.

• TEE : γ = log 2.

• Code: [[n = 2L2, k = 2, d = L]] on an L× L torus.

15
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8.2 Example 2: The SSH chain (1D SPT)
The Su–Schrieffer–Heeger model is a 1D fermionic chain with alternating hopping amplitudes
t1, t2 > 0:

HSSH =
∑
j

(
− t1 c

†
2j−1c2j − t1 c

†
2jc2j−1 − t2 c

†
2jc2j+1 − t2 c

†
2j+1c2j

)
(5)

For chiral symmetry Γ = σz, the model has two phases: t1 > t2 (trivial) and t1 < t2
(topological). The relevant classification is subtle because the SSH model is a free-fermion
system, and the interplay of chiral symmetry, fermionic statistics and particle-hole/charge-
conjugation structure pushes the classification beyond bosonic group cohomology and into
the framework of K-theory and spin cobordism. Bosonic-only cohomology with on-site Z2-
symmetry gives H2(Z2, U(1)) = 0, so the SSH model is not a non-trivial bosonic SPT.
The genuine non-triviality of the SSH model is fermionic: it is classified by spin cobor-
dism, Ω2

Spin(BZΓ
2 , U(1)) ∼= Z2 [15], with the non-trivial element matching the parity of the

number of zero modes at the boundary. Equivalently, the chiral-symmetry-protected topo-
logical invariant is the winding number of the off-diagonal block of the Bloch Hamiltonian.
We mention SSH here precisely to underline that the bosonic group-cohomology answer is
insufficient for fermionic systems: this is the substance of open problem O1 in section 12.

In our setting, the SSH chain is a worked instance of HamG → π0 with G = ZΓ
2 (chiral

symmetry), and the topological invariant is the map

π0(HamZΓ
2
)SSH → Z2, H 7→ #{zero modes at boundary} mod 2.

8.3 Example 3: Doubled Fibonacci (Levin–Wen)
By theorem 5.6 and theorem 5.7, the Levin–Wen model with input C0 = Fib is a non-abelian
topologically ordered phase with anyon MTC Z(Fib) = Fib ⊠ Fib. The total quantum
dimension is

D = (1 + ϕ2)1/2 · (1 + ϕ2)1/2 = 1 + ϕ2 = 2 + ϕ,

so γ = log(2+ϕ) ≈ 1.288. The braid group representation on the fusion space of n Fibonacci
anyons is dense in SU(dn), the basis of universal topological quantum computation [13].

8.4 Example 4: Explicit Z2 cocycles
To make theorem 4.3 concrete we compute H2(Z2, U(1)) in two distinct module structures:
trivial action (relevant for unitary on-site Z2 symmetry) and anti-unitary action UT (1) (rel-
evant for time-reversal). We emphasise that neither is the Haldane-phase classifying group
— the Haldane phase is protected by the on-site SO(3) symmetry of the AKLT spin-1 chain,
with H2(SO(3), U(1)) ∼= Z2 (theorem 4.4). The ZT2 time-reversal SPT we compute below
is a different Z2 class, realised e.g. in 1D Haldane-Dzyaloshinskii-Moriya chains protected
by time reversal alone. We work multiplicatively (cochains take values in U(1) written with
multiplicative composition), which is the convention most natural for SPT applications.

16
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The bar complex differential for an abelian-valued cochain on a group G with module
action g · a is

(δnω)(g1, . . . , gn+1) =
(
g1 · ω(g2, . . . , gn+1)

)
·
n∏
i=1

ω(g1, . . . , gigi+1, . . . , gn+1)(−1)i

· ω(g1, . . . , gn)(−1)n+1
.

For a 1-cochain f : G → U(1) this gives
(δ1f)(g1, g2) = (g1 · f(g2)) · f(g1g2)−1 · f(g1). (6)

For a 2-cochain ω : G2 → U(1) the cocycle condition δ2ω = 1 is
(g1 · ω(g2, g3)) · ω(g1g2, g3)−1 · ω(g1, g2g3) · ω(g1, g2)−1 = 1. (7)

Case 1: trivial action (G = Z2 = {e, g}, g · a = a). Normalise ω(e, ∗) = ω(∗, e) = 1
(always permissible by passing to the normalised bar complex). Setting g1 = g2 = g3 = g in
eq. (7) and using g2 = e gives

ω(g, g) · ω(e, g)−1 · ω(g, e) · ω(g, g)−1 = 1,
which is automatic from normalisation. So the only datum is ω(g, g) = z ∈ U(1), and every
z ∈ U(1) defines a normalised cocycle.

For coboundaries, with f : Z2 → U(1), f(e) = 1, f(g) = t, equation eq. (6) for trivial
action gives

(δ1f)(g, g) = f(g) · f(g2)−1 · f(g) = t · 1−1 · t = t2.

Hence the coboundaries are exactly the squares {t2 : t ∈ U(1)}. Since U(1) is divisible, every
element is a square, so

H2(Z2, U(1)) = U(1)/U(1)2 = 0.

Case 2: anti-unitary action UT (1) (G = ZT2 , g · a = ā = a−1). Now g · f(g) = f(g)−1,
so equation eq. (6) with g1 = g2 = g gives

(δ1f)(g, g) = (g · f(g)) · f(g2)−1 · f(g) = t−1 · 1 · t = 1.
Hence the only coboundary is the trivial cocycle. The cocycle condition still allows ω(g, g) =
z ∈ U(1), but now we must check the action-twisted condition: substituting into eq. (7),

(g · z) · 1 · z · z−1 = z−1 · z = 1,
which holds for all z. However, normalisation now requires z · z̄ = |z|2 = 1, so z ∈ U(1).
Modding out by coboundaries (which is now trivial) and by the further relation z ∼ z−1

(gauge equivalence under f with f(g) = t and the modified action) gives exactly
H2(ZT2 , UT (1)) = Z2,

generated by the class z = −1. This is the time-reversal-protected SPT class for 1D spin
chains, realised concretely by chains in which T 2 = −1 acts on a boundary spin-1

2 [5]. As
noted at the head of this subsection, this is a different Z2 from that of the Haldane phase
(theorem 4.4), which is classified by H2(SO(3), U(1)) rather than by the ZT2 cohomology
computed here.
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Why the trivial-action Z2 has no SPT in 1D. The vanishing H2(Z2, U(1)) = 0 does
not mean “no on-site Z2 SPT exists”; it means that with on-site single-copy Z2 symmetry
alone there is no 1D SPT. The well-known cluster-state SPT in 1D is protected by Z2 ×Z2,
with non-trivial class in H2(Z2 × Z2, U(1)) = Z2 (one of the Künneth cross-terms). This
illustrates the dependence of the SPT classification on the choice of symmetry group, even
at fixed dimension.

8.5 Example 5: Z2 × Z2 in 2D
In 2D, the relevant group is H3(Z2 ×Z2, U(1)). By Künneth and the standard computation,

H3(Z2 × Z2, U(1)) ∼= Z3
2,

giving eight distinct Z2 × Z2 SPT phases in 2D. Three of these come from the individual
Z2 factors (Z2

2 from each copy of H3(Z2, U(1)) = Z2), and the remaining factor of Z2 arises
from the Künneth cross-term, corresponding to a mixed mutual-statistics SPT.

8.6 Example 6: Toric code as a stabiliser code
We expand the link between Law II and quantum information. The toric code Hamiltonian
eq. (2) is the parent Hamiltonian of the stabiliser group

S = ⟨Av, Bp : v ∈ V (Λ), p ∈ F (Λ)⟩ ⊂ Pn

where Pn is the Pauli group on n = 2L2 qubits (one per edge of an L × L torus). The
stabiliser group satisfies |S| = 2n−2 (two relations ∏

v Av = ∏
pBp = ⊮), so the codespace

has dimension 2n/2n−2 = 4, matching the four-fold degeneracy on the torus.
The two logical qubits are encoded by non-contractible Wilson loops:

X1 =
∏
e∈C1

σxe , Z1 =
∏
e∈C̃1

σze , X2, Z2 from the second non-contractible cycle.

The code distance d equals the length of the shortest non-contractible loop, d = L =
√
n/2.

Thus the toric code is a [[2L2, 2, L]] stabiliser code. This is the discrete realisation of the
abstract data captured in the MTC Rep(D(Z2)).

8.7 Example 7: Stacking and the abelian-group structure on SPT
phases

SPT phases form an abelian group under stacking. Given two G-symmetric Hamiltonians
H1, H2 on disjoint copies of the lattice, H1 ⊠H2 is a G-symmetric Hamiltonian on the union,
with the diagonal G-action. The trivial phase is the unit, and the inverse of a layer is its
time reversal.

By theorem 4.3, the stacking map matches cohomology addition:

[ωH1⊠H2 ] = [ωH1 ] + [ωH2 ],

both classes lying in Hd+1(G,U(1)). This is the categorical statement that “stacking SPTs
adds their cocycles.”
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9 Composition Hooks for Law III
We close by stating the precise data Law III is to consume in lifting Law II to the periodically
driven setting. The reader of Law III should treat this section as an interface specification.

9.1 Hook 1: The category Ham extends to HamT -per

Define HamT -per as the category whose objects are T -periodic paths H : S1
T → Ham landing

on gapped Hamiltonians and whose morphisms are gap-preserving homotopies through T -
periodic families. The static embedding ι : Ham ↪→ HamT -per sends H to the constant
path.

9.2 Hook 2: Symmetry group enlarges by ZT

The on-site symmetry G in Law II is enlarged in Law III by the discrete time-translation
symmetry ZT generated by the period operator. The relevant classifying space becomes
BG× BZT , and the SPT-style classification is by Hd+2(G× ZT , U(1)) in spatial dimension
d (the extra degree arises from the S1 factor in spacetime).

9.3 Hook 3: MTC enriches by Rep(ZT )
The MTC of an equilibrium topological phase is C. The Floquet enrichment is

CT = C ⊠ Rep(ZT ),

encoding micromotion-twisted sectors. Anomalous Floquet phases (Rudner–Lindner type)
correspond to MTCs in this enrichment that are not products of an equilibrium MTC with
Rep(ZT ).

9.4 Hook 4: TEE extends to Floquet TEE
The Floquet entanglement-entropy functor

ST : Regop
Λ × ZT → R≥0, (A, n) 7→ S(A; at stroboscopic time nT ),

has a topological constant γT = log DT where DT is the total quantum dimension of CT .

9.5 Hook 5: Composition functor
The lifting from Law II to Law III is the functor

LiftII→III : [BG,Ham] → [B(G× ZT ),HamT -per], F 7→ Fl(F ),

where Fl(F ) is the Floquet-enriched functor. Time-crystalline phases are detected by natural
transformations η : Fl(F ) ⇒ FlZ2(F ) that are not isomorphisms (i.e. that detect period
doubling).
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10 Results
We summarise the principal results of this paper.

R1. Phases as connected components. Phases of matter on a fixed lattice are elements of
π0(Ham), the connected components of the groupoid of gapped local Hamiltonians
under gap-preserving adiabatic equivalence (theorem 2.5).

R2. Symmetric phases as functor-pullback classes. The category of G-symmetric Hamil-
tonians is equivalent to the functor category [BG,Ham0]eq, so symmetric phases are
functorial equivalence classes (theorem 2.9).

R3. Landau as functorial semantics. The Landau classification is the natural-isomorphism
classification of order-parameter functors LH : BG → Vect (theorem 3.3).

R4. SPT as group cohomology, functorially. The classification map

π0(HamG) → Hd+1(G,U(1))

refines to a functor SPTd : Grp → Ab (theorem 4.3).

R5. Topological order is MTC data. A (2+1)D topologically ordered phase is classified by
a unitary modular tensor category, arising as the Drinfeld center of a fusion category
(Levin–Wen), with the data lifted from Law I via the functor Z (eq. (3)).

R6. TEE as a phase invariant. Topological entanglement entropy γ = log D is constant on
each phase (theorem 6.4) and is computed by the Kitaev–Preskill formula (theorem 6.3).

R7. Composition hooks. We have stated five precise hooks (section 9) by which Law III
may consume Law II to produce Floquet classifications.

11 Discussion

11.1 Why functorial classification?
The choice to classify phases as functorial equivalence classes is not aesthetic. It is forced
by the modular composition principle of the series: each law must produce data that the
next law can consume as a category, not merely as a set or group. The set π0(Ham) alone
is too coarse to support the lifting to Floquet phases (Law III) or to information geometry
(Law IV); we need at minimum the category HamG and the fusion/braiding data of MTCs
to be available as categorical structure that the next law’s functor can act on.

11.2 What this paper does not claim
This paper does not claim:

(i) A complete classification of (3+1)D topological phases (this is open; cf. open problem
3 in section 12).
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(ii) A categorical framework for fracton order (this is genuinely open; the string-net con-
struction does not directly apply because of the sub-extensive ground-state degener-
acy).

(iii) A non-perturbative bridge to quantum gravity (this is the territory of Law IV).

We are explicit that the modular framework is not a unified theory and that the classification
at the topological-order level is the most rigorous tier; the lifting to Law III and beyond
carries increasing speculative content.

11.3 Relation to other categorical frameworks
Our setup is closest to that of [6, 13] for (2+1)D and to [5] for SPT phases. The cobordism-
classification programme of [15] extends the SPT classification to fermionic and anti-unitary
symmetries; the bosonic group-cohomology classification we use here is the simpler sub-case.
Our explicit functorial reformulation in terms of the Law I primitives M : Phys → Info and
the sheaf semantics is the new contribution; the underlying mathematical results are due to
the cited authors.

12 Open Problems
We list, in order of decreasing rigor of currently available techniques, open problems that
bear directly on the modular composition.

O1. Fermionic SPT classification beyond bosonic shadow. Extend theorem 4.3 to a functor
on the category of finite groups equipped with a Zf2 -extension, taking values in spin-
cobordism cohomology Ω∗

Spin(BG,U(1)).

O2. (3+1)D topological order. Is every (3+1)D topological phase the boundary of a (4+1)D
Walker–Wang model with input fusion 2-category? A categorical answer would gener-
alise theorem 5.6 from (2+1)D to (3+1)D.

O3. Fracton order. Find a categorical framework that captures the sub-extensive ground-
state degeneracy and immobile excitations of fracton phases. The string-net construc-
tion does not apply.

O4. Functorial RG. Make precise Wilson’s RG as a functor (or 2-functor) on Ham. Are
RG fixed points exactly the rigid objects?

O5. Non-invertible categorical symmetries. Generalise the SPT classification of theorem 4.2
from groups G to fusion categories S acting as symmetries; the relevant cohomology
is the second cohomology of S in U(1).

O6. Fibration of phases over the parameter space. Make precise the fibration Phases →
Couplings whose fibres are connected components of Ham, and study its monodromy
(this connects to Law IV’s information geometry).
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13 Conclusion
We have provided a functorial classification of phases of matter, building strictly on the
categorical primitives of Law I and producing in clean form the data Law III will consume.
The principal conceptual point is that phases are equivalence classes of functors, not just
states; the Landau paradigm and its topological generalisations both fit into this scheme,
with the difference being the target category (Vect for Landau, Ham for SPT, MTC for
topologically ordered phases). The topological entanglement entropy γ = log D provides the
principal numerical bridge between the algebraic data (the MTC) and the physical state (the
ground subspace).

The composition with Law III is by replacing the symmetry group G with G×ZT and the
static category Ham with HamT -per; the mathematical content of Law III consists precisely
in identifying the natural transformations of the resulting functor categories that correspond
to genuinely non-equilibrium phases.

We reiterate: the framework is modular, not unified. Each law is a self-standing mathe-
matical layer, and the emergent properties at each layer arise from the explicit composition
functor stated here and in the corresponding sections of Laws III and IV.

Acknowledgements. We thank the broader topological-phases and categorical-quantum-
mechanics communities; the present work is a synthesis of their results into the language of
the modular framework.

Code availability. A Haskell implementation accompanying this paper is available in
the project repository under src/phase-bound-matter, providing types for phases, finite-
group cohomology, and entanglement-entropy computations on small toric-code instances.
The package compiles with cabal build and the test suite passes with cabal test. The
companion paper Law I in the same modular series [19] provides the categorical primitives
invoked throughout this paper.
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